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Introduction

The purpose of this essay is to help researchers investigating the impacts of health, family
planning, and nutrition programs understand the importance and relevance of using multilevel
anaysisin their empirical evaluations of the programs impacts. The discussion first defines what
it means to have a multilevel model, and it then turns to an examination of the statistical
properties of estimators when one has a hierarchical structure. Throughout the essay we illustrate
the basic points through the use of Monte Carlo experiments, where we simulate data and
outcomes according to known and exact rules. After ssimulating data, we use avariety of
estimation approaches to estimate the underlying relationships in the smulated data. Since we
know the “true” way the “world” operates in these experimental settings, these Monte Carlo
experiments alow us to evaluate how well particular statistical procedures can uncover the “true”
form of the statistical relationship. Based on these Monte Carlo experiments and some direct
comparisons of the statistical properties of the various estimators that we consider, we present a
set of recommended approaches for using multilevel data to assess the overall effectiveness of
programs.

We focus our analysis on smple multilevel models where the effects of observed
covariates are fixed and do not vary across units of the hierarchical structure. The residual term
in alinear regression model possibly has a simple hierarchica structure. Our primary concern is
how well various estimators measure the impacts of observed covariates on outcomes of interest.
We focus on unbiasedness of the point estimators, precision of the estimators, and the ability of

the point and standard error estimators to provide unbiased hypothesis tests. For our evaluations
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we focus on only simple linear regression models with continuous outcomes estimated by ordinary
least squares (OLS) and on simple, two-level maximum likelihood estimation models.

Given this scope, the essay reaches three main conclusions. Firgt, if the datado have a
multilevel error structure and one fails to account for thisin the estimation of standard errors of
estimates, one can dramatically overstate the significance of the estimated statistical relationships.
In particular, a researcher who fails to use procedures that adjust estimated standard errors for the
multilevel error structure would “uncover” statistically significant relationships when they do not
exist. To obtain correct statistical inferences, one need not use complete multilevel modeling
approaches. Instead, statistical procedures that ex post account for the clustering in the data when
calculating standard errors will provide correct standard errors. Second, there typicaly islittle
efficiency loss in the estimation of the impact of a community-level variable on individua-level
outcomes if one ignores the multilevel error structure and uses Ordinary Least Squares
procedures to estimate the impacts of covariates on the outcome of interest. There can, however,
be sizable increases in efficiency for estimators of the impacts of the individual-level variables, but
these effects are typically of lessinterest in program evauation studies. The third conclusion is
more tentative than the first two. It deals with problems that one can encounter with multilevel
models when one incorrectly assumes a simple linear relationship when the true relationship is
nonlinear. In particular, if one imposes incorrectly a simple linear specification for the observed
regressors when there really is a more complex function describing mean effects, then it is possible
to incorrectly “uncover” amultilevel error structure when one does not exist. Taken as awhole
these conclusions suggest that a fruitful estimation approach in practice would be to rely on

simple estimation procedures like ordinary least squares, adjust the estimated standard errors to
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account for the possible multilevel error structures, and examine whether nonlinear relationships
might better describe the data than ssimple linear effects. After a thorough examination of the
empirical relationship with smple models and adjusted standard errors, one could then use more

detailed multilevel models to obtain more precise estimators.

Heuristic Description of Multilevel Models

Multilevel models are used when the outcome of interest, and its observed and unobserved
determinants, have an hierarchical structure. By an hierarchical structure, we mean that there are
important factors influencing decisions and outcomes that arise from avariety of levels of
aggregation or observation. For example, whether individuals use contraception might depend on
whether there are easily accessible clinics in the community where they live where they can
receive family planning counseling and contraceptives. The presence of such clinics, of course,
could influence the contraceptive choice of many individuals living in the same community. Each
clinic is available to more than one individual, and this gives rise to the multilevel structure of
observed determinants of contraceptive use.

Typically the outcome of interest takes place at an individua level, and thisusualy is
referred to as the lower- or micro-level outcome. In analyses with more than two levels, thisis
called the level-one outcome. These lower leve, individua outcomes are usually influenced in part
by individual, micro-level characteristics. In the family planning literature, for example, awoman’s
age and education and measures of her wealth have al been shown to have important effects on
an individua’s use of contraceptives (Gertler and Molyneaux, 1994; Guilkey and Cochrane, 1995;

Guilkey and Jayne, 1997). Measures of whether there is afamily planning clinic providing
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information about contraceptives in awoman’s village is a higher-level, or macro-level,
determinant of an individual’s contraceptive use. Presumably, the characteristics of the clinic have
somewhat smilar effects on al individuals residing within the same community. These varying
levels of outcomes and determinants, i.e., at the individual, family, community or regiona leve,
giverise to the hierarchies analyzed with multilevel models. Kreft and de Leeuw (1998) provide
an excellent introductions to multilevel models, and Goldstein (1995) and Byrk and Raudenbush
(1992) present more advanced treatments of these modeling approaches.

What distinguishes the hierarchy in these types of analysesis the fact that some
characteristics from a higher level aso influence the lower-level outcomes. Researchers have
found that food prices, for example, can influence whether a couple practices contraception
(Stewart et al., 1991; Rous, 2001). High prices might indicate food shortages, or that it would be
expensive to raise children, and couples might tend to be more likely to attempt to limit fertility
when food prices are high than when food prices are low. Food prices, like many other
contraceptive determinants, vary across communities but individuals within a single community all
face the same level of food prices. Food prices and other variables specific to a higher, more
aggregate level are higher-level determinants of individual-level contraceptive use. There can
also be unobserved or unmeasured factors at the higher level that influence the lower-level
outcomes. Such unmeasured factors give rise to multilevel error structures; these are discussed
extensively in the following sections.

Family planning clinics are located within communities, and the availability of these
sources for contraceptives and of contraceptive knowledge can affect whether individuals adopt

family planning (Tsui, 1985; Tsui and Ochoa, 1992; Bollen, Guilkey and Mroz, 1995; Thomas and
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Maluccio, 1995; Guilkey and Jayne, 1997; Angeleset al., 2001). Often such higher level
determinants of contraceptive use are observed, and researchers usually include these measures
as explanatory variablesin their empirical analyses when they are available. At abasic level, there
is nothing special about these higher level determinants that distinguishes them from individual
characteristics like age and education. One can readily incorporate observed community-level
characteristics along with observed individual-level characteristics as determinants of individual-
level behaviors. The fact that these higher level characteristics do not differ within groups of
individualsis, for the most part, irrelevant in the interpretation of impacts of observed covariates
on individual-level outcomes.

What isimportant to recognize about the impacts of higher level factors on lower level
behaviorsisthe fact that all individuals who face an identical higher level factors experience
similar impacts from these higher level factors. All individuas in the same community, for
example, would have the same clinic available to them; anything idiosyncratic about that particular
clinic will have roughly the same impact on everyone within the community. Similarly, if there are
unobserved or unmeasured community factors that influence the behaviors of individuals within
each community, then there will be correlations of individual-level outcomes within each

community after controlling for the observed individual-level and community-level covariates.

Statistical Consequences of Multilevel Models
It is the presence of unobserved or unmeasured higher level characteristics that makes it
important for a researcher to adjust her analysis to accommodate and recognize the multilevel

structure. Since one cannot control for these unmeasured community characteristics, their
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impacts on an outcome of interest are represented through their becoming a part of the “error
term” in astatistical model. Consider, for example, an individua-level regression analysis using
data on individuals within each of many communities. In this instance any unobserved or
unmeasured community-level factors that have an impact on the outcome of interest would have
an impact on the outcomes for al individuals within the community. This means that the error
terms for individuals within each community could be correlated. Any unobserved community
characteristic that influences one community member to have a high value for the outcome of
interest would likely result in other members of the same community having similarly high values
of the outcome of interest.

Such error correlations among individuals within communities imply that the standard
statistical assumption that different observations have independent residuals will be violated. This
correlation of the individual-level residuals within a community gives rise to several important
statistical considerations. First, some of the desirable statistical properties of estimators rely upon
assumptions of independent residuals; such an assumption is clearly incorrect when there are
unobserved community-level factors influencing behaviors of individuals within communities. For
example, the Gauss-Markov Theorem states that the ordinary least squares (OLS) estimator isthe
best linear estimator within the class of unbiased estimators. This optimality implication depends
crucially upon the residuals being uncorrelated across all observations. In the presence of
unobserved community-level effects, one can usually define a better unbiased, linear estimator
than ordinary least squares, where in this context a better estimator means one that provides more

accurate parameter estimates. Either a generalized least squares (GLS) estimator or a maximum



MEASURE Evaluation 7

likelihood, multilevel error components estimator would typically provide more accurate estimates
than OLS in these types of situations.

It is important to recognize, however, that some key properties of commonly used
estimators do not depend on error terms being independent across observations. Most
importantly, whether or not the OL S estimator is unbiased or consistent does not depend upon
residuals being uncorrelated. Nor do the unbiasedness and consistency of the OL S estimator
require that resduals for all observations have the same variance. All that the OL S estimator
requiresfor it to be an unbiased estimator (i.e. correct on average) is that the explanatory
variables at both the micro and the macro levels be uncorrelated with the residuals. The error
terms as well as the explanatory variables then can have both micro-level and macro-level
components, and the estimator will still be unbiased. Thisis not a restrictive assumption for the
class of estimation problems we consider. In fact, every one-equation estimator for a multilevel
model requires at least this basic assumption that the explanatory variables are uncorrelated with
the residuals in order for the estimator to be unbiased or consistent. The presence of multilevel or
hierarchical unobserved factors does not lead to biased estimators of the effects of individua- or
community-level factors on the individual-level outcomes.*

While the presence of correlated residuals does not result in a bias of the point estimates
from these OL S estimators, estimators of standard errors, confidence intervals, and statistical

significance will be biased and incorrect unless one explicitly recognizes the correlated residuals

A companion paper to this study explores the supposed biasin discrete outcome models
in the presence of multilevel error structures that have been reported in severa published papers
(Mroz, 2001). In most instances, the supposed biases are a result of the authors of these papers
failing to recognize that coefficients in discrete outcome models have substantively different
interpretations than regression models with continuous outcomes.
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when constructing these measures. Consider, for example, a sample of 1,000 communities where
the data set contains two individuals within each community. Thisyields atotal individual-level
sample size of 2,000 observations. We assume that observations are independent across the 1,000
communities. Thetypically used standard error estimators, such as those reported by OLS
regression procedures, assume that there are 2,000 individual-level observations with uncorrelated
error terms.

Now consider an extreme case where the two residuals for the two individual-level
observations within each community are identical and where there are only community-level
explanatory variables. In this specification no new information is provided by the second
observation within the community as the second observation is identical to the first. One would
obtain exactly the same parameter estimates if one uses only arandomly selected “first”
observation in the community or if one uses only the “second” observation in the community or if
one pools al 2,000 individual-level observations together. All that matters in this hypothetical
example isthat one has at least one observation from each community?.

Since using any 1,000 independent observations (i.e., any one observation from each of
the 1,000 communities) would yield exactly the same (i.e., identical) estimates as using all 2,000
observations, it cannot be the case that using the larger data set provides more accurate
information. In this example, because of the perfect correlation of error terms and regressors
within communities (and, hence, of outcomes), al of the relevant information is carried by 1,000

observations. Having an additional individua per community does not provide any new

*To simplify this discussion, we implicitly assume that if one uses more than one
observation per community, then one uses exactly the same number of observations from all
communities. |.e., the data set is always rectangular.
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information. Parameter estimates cannot become more precise if one uses more than one
individual per community instead of only one person per community, as the extra observations in
this hypothetical example provide absolutely no new information. Y et the usual OLS formulae for
calculating standard errors of the estimators were derived under the assumption that each
additional observation provides new, independent information about the relationship between the
outcome and the regressors.

In this example it is straightforward to work out the consequences of the error terms being
perfectly correlated for observations within the same community. To smplify the discussion,
suppose that there is only one explanatory variable. Recall that in this example the explanatory
variableis constant for all observations within the community. Using only the first observation in
each of the 1,000 communities, the true standard error of the least squares estimator under

standard assumptions would be:

e(hy) = Var(h) = |z
_a (Xj B X)2

=1

2

where X isthe mean of the explanatory variable across the 1,000 communities. This estimation
procedure, based on the 1,000 observations, incorporates al of the information contained in the
2,000 observations; the additional 1,000 observations merely replicate the first 1,000

observations. If one uses all 2,000 observations the OL S point estimate would not change at all.
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The naive, smple OLS estimator of the standard error of this estimator with 2 observations per

community would be:

s? s?

1
Lrawors(B2) * VA meos(B) = [igo = | = 5 b))
aad (Xj B 7)2 Za- (Xj ) >_()2
= ]:l

j=1i=1

The true standard error of this estimator, however, must be exactly the same as the standard error
for the estimator that uses only one observation per community, i.e., se,(b,) = se(b,). The
simple OL S formula for the standard error, based on the presumption that all observations are

independent, provides standard errors that are smaller than the true standard errors by a factor of

1 1
E » 17,1 . T-statistics calculated using the incorrect, smple OLS standard error will be 1.41

times larger than the true value of t-statistic (as calculated with the true standard error). By using
this incorrect standard error estimator, in thisinstance, all calculated t-statistics will be measured
as 41% higher than they should be. One will too frequently regject true null hypothesis, and al
confidence intervals will be too short by afactor or 41%.

The use of the typical OLS standard error formulae is clearly incorrect in this example.
There is absolutely no new information being used in the estimation with the 2,000 individuals
that was not contained in the sample of 1,000 observations with one observation per community.
This exampleis, of course, extreme. But it does make an important point. If there is a significant
level of correlation of residuals within each community, then additional observations for each

community do not provide as much “new” information to the estimation procedure as the first
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observation in the community provided. Naive, smple standard error estimators impose the
incorrect assumption that each additional observation within a community provides just as much
new information as the first observation in the community provided. The above example clearly
demonstrates the potential for smple estimation procedures to yield incorrect standard errors and
consequently incorrect inferences when one relies on standard error estimators that require
independent observations.

When the error correlations are less than one, or if there are explanatory variables that
vary among the lower level units within the higher level units, then the additional observations on
level-one units can provide some new information that is not included in the first level-one
observation for each higher level unit. In the general case, there will be somewhat |ess new
information from each additional |evel-one observation within each higher level unit, so the naive
standard error estimators will yield incorrect standard errors of the estimates. But these
additional observations do provide some new information, so one might be able to obtain more
efficient estimators by using all of the observations that are available when estimating regression
functions. However, regardless of whether one uses point estimators that make efficient use of all
of the information in a sample, it will be necessary to use procedures that recognize and control
for the dependence of error terms within each higher level unit when calculating standard errors of

the estimates and test statistics.

A Simple Statistical Framewor k
While the preceding heuristic discussion lays out some of the most important

shortcomings of naive analyses with multilevel data, it isimportant to have a precise statistical
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formulation for addressing many of the issues one encounters in analyses of multilevel data. In
this section we introduce some of the notation that we will use throughout our evaluation of
approaches to use when one has access to multilevel data.  Throughout this discussion we will
use uppercase Roman letters to represent observable random variables and lowercase Roman
letters to represent actua redlizations of these random variables. Random variables labeled Y will
stand for outcomes, and X will stand for observed explanatory variables. For most of this analysis
it is not important whether the explanatory variables are fixed or random.

The main focus of this examination of multilevel models is on two-level models, where we
call arbitrarily the higher level (level two) a community and the lower level (level one) an
individual within the community. We will use subscripts c to indicate community and the
subscript i to refer to an individual within acommunity. Following this notation, Y would be a
random variable indicating an outcome, and y(i,c) would be the observed outcome for the i
individual in the ¢ community. We will assume that there are J communities (i.e., c=1,2,...,J)

and that there are N, individuasin community c (i.e., i=1,2,...,N, within each community c).

J
Thereareatota of N' = § N, observations. For part of the discussion and analysis we will

c=1

assume that there is an identical number of individual observations within each community. Inthis

case, we will assume that N, = N for all communities, and there will be atotal of N-J individual-

*

J J
level outcomes that are observed inthedata (N = & N = &
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We differentiate between two broad categories of observed explanatory variables:
community-level explanatory variables and individual-level explanatory variables. Community-
level explanatory variables take on the same value for al individuals within each community c,
while individua-level explanatory variables usualy will differ among individuas within a
community. An example of a community-level variable might be the presence of a health clinic
within a community or the level of per capita expenditures on family planning programs within a

community. These measures would not vary across individuals within each community while they

would vary across communities. We use the symbol X _(C) to denote the value of the

community-level variable in community c.
We consider two different types of individual-level explanatory variables. The first type

contains variables that are correlated across individual s within communities. Often these are

correlated with the observed community-level variable. We use the symbol X, (i,C) to denote

those individual-level variables that are correlated at the community level. An example of an
individual-level explanatory variable that could be correlated among individuals within a
community might be an individua’s level of education. To see a source of the within community
correlation, consider a study of the impact of community health clinics and mother’ s education on
achild’' s health in a developing country. The quality of schools would most likely differ across
communities, and one might expect that those individuals who live in areas with better schools
would have stayed in school longer than those individuals who lived in areas with poor schools. If
it were the case that communities with health clinics aso tended to have better (worse) schools,

then those with higher levels of schooling would tend to be concentrated in communities with
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(without) health clinics. This givesrise to a correlation between the level-two covariate, the
presence of a health clinic, and the level-one covariate, the individua’ s education attainment.
Even if the health clinics and good schools were not related, there would still be community-level
correlation of mothers' educational attainments as long as there were differences across
communitiesin individuals access to good education programs and individuals made schooling
decisions that take school quality into account.

The second type of individual-level variable encompasses those variables that are

independent across individuals within a each community and uncorrelated with any of the

community-level measures. We denotetheseby X, (i,C) . Independent individual-level

variables do not have any community-specific component. As an example of such independent
variables, consider a case where the age distribution within each community is the same for all
communities. In thisinstance the age of randomly selected individuals within each community
would be such an independent individual-level variable. But if some communities tend
systematically to have older individuals while others tend to have younger individuals, then the
age of independently selected individuas would not be an independent individual-level variable; in
this instance it would be an individual-level variable that is correlated among individuals within a
community.

The unobserved or unmeasured determinants of an outcome of interest may aso have
community-level and individual-level components. Without additional information, it is not
possible to identify the impacts of unobserved individual-level determinants that are correlated
among individua s within a community separately from the impacts of “independent,” community-

level unobservable variables and individual-level unobserved variables. As a consequence of this,



M EASURE Evaluation 15

we only consider two independent sources of unobserved or unmeasured variables. Thefirstisa

community-level unobserved factor that is independent across communities. We denote this type

of factor by the random variableE . (C) ; the realization of this random factor for community j is

€. (C) . The second type of unobserved factor is an individual-level random variable that is

independent across individuals within a community. We denote these independent individua -level

unobserved, random variablesby E | (i,C) , and the redizations of these random variables by

e, (i,C) . Notethat all of the observed variablesin this study are assumed to be independent of

all of the unobserved/unmeasured variables.
Using the notation defined above, we specify the genera form of the data generating
process (DGP) for our Monte Carlo experiments. In almost all instances, we examine models of

the form:

Y(i,c) = 1xX.(c) + 1xX . (i,c) + 1xX, (i,c) + E(i,C)
where the composite error term E . (i,€) = E.(Cc) + E, (i,C) . Each of the observed

explanatory variablesis distributed as a normal random with mean zero and variance one, and the

squared correlation of X_(c) and X, (i,C) issetto 0.50. Whiletheinterceptin thisDGPisO0,

in al of the Monte Carlo experiments we do estimate an intercept. In our experiments we vary the

R? across DGPs; we do this by choosing a variance for the composite error term E ;. toyield the

desired multiple correlation coefficient.

5 Var (E1) : Var (Xe+ X+ X, )
*Note that R*=1- Vaf(ET)+V3f(X<T:+X|c+X|) - Vaf(ET)*‘Vacf(Xl:c*‘xll:*‘xl)
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A key component of this analysis examines how the performance of severa estimators of
the impacts of X, X,., and X, vary as the influence of the community-level unobservablesin the
composite error increases. We vary the importance of the unobserved community-level
characteristics by setting the fraction of the error variance due to the community-level unobserved
determinants. In the multilevel modeling literature, this fraction is known as the intraclass

correlation coefficient, and it is defined by

_ Var(E.)
- Var(E.)+Var(E,)

In the specifications of our data generating processes we assume that the components of the

composite error term are distributed as mean zero, independent normal random variables, and we

set thevariancesof E . and E, toyield specified vaues of p.

Two specia values of p are of particular interest. Thefirst iswhen p equals 0. We obtain

thisby setting E - (C) toOfor al communitiesc (c=1,...,J). Inthisinstance, the only source

of error in the regression specification is from the independent, normally distributed, individual-
level error terms. In this case OLS isthe best linear unbiased estimator, and the simple standard

errors of the estimators as reported by standard computer packages are correct. The second

special value of p is 1.0, and we obtain this specification by setting the varianceof E, (i,C) to

Ofor dl individuasin all communities. In thisinstance, the error term is due entirely to
community-level unobserved factors.

In nearly al experiments we estimate regression models of the form:
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y(i1C) = bo + bCXC (C) + bICXIC(i’C) + bl XI (i,C) (1)
tec(c) + e (i,c)

using observations on N, individuas in each of Jcommunities. The lower case Roman and Greek
letters refer to particular realizations of the random variables, and we estimate the parameters 3,
(the intercept; true value 0), B (theimpact of X, holding X, and X, constant; true value 1), f3,c
(the impact of X, holding X and X, constant; true value 1), and 3, (the impact of X, holding X,
and X, constant; true value 1).

For the most part we consider three estimation procedures for the parameter estimates and
the associated standard errors of the estimates. The first isasimple, naive OL S estimation model
that assumes the NJ observations are uncorrelated after controlling for the three explanatory
variables when constructing the standard errors of the estimates®. This assumption is only correct
when p equals 0, so the estimated standard errors from this procedure will be incorrect when p is
different from 0. The second estimation procedure uses the OL S point estimates of the
parameters, but it allows there to be arbitrary correlations among individual observations within
each community when constructing the standard errors of the estimates. We do this by using

Eicker-Huber-White standard error formulae.® The third estimation procedure is a random

“We do this, for example, by using the Stata command “regressy Xc Xic Xi” , wherey is
the outcome, Xc isthe community level variable, Xic istheindividual level variable correlated
among individuals within the same community, and Xi is the independent individua level variable.

*We usually do this by using the Stata command “regressy Xc Xic Xi , cluster(c_id)” ,
where there three explanatory variables are as listed above and ¢ _id is avariable that uniquely
identifies each community. Note that these standard error estimators are consistent for arbitrary
forms of heteroscedasticity. So even if the true DGP were a random parameter model, such as
those used in more detailed multilevel models, these standard error estimators should provide
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effects, maximum likelihood procedure that explicitly recognizes that observations within each
community are equi-correlated with normally distributed errors®. Given that all error termsin this
Monte Carlo analysis are normally distributed, have constant variances, and have a constant error
structure across communities, no other unbiased estimator can provide more efficient estimates

than this maximum likelihood procedure.

Monte Carlo Results

Preliminaries

For the first part of the Monte Carlo analysis we focus on sample sizes with approximately
20,000 individual-level observations. 1n the main body of the text we focus on specifications with
800 communities each containing between 1 and 50 individua observations, with a mean of 25
persons per community.” In the Appendix we present similar sets of results for 400 communities
each containing exactly 50 individual-level observations. 1n afew instances afocus on the range

of 1to 50, or on exactly 50, individuals per community provides an incomplete view of the

unbiased hypothesis tests.

®We do this, for example, by using the Stata commands “xtreg y Xc Xic Xi, i (c_i d)
m e”, where the three explanatory variables are as listed above and c_id is a variable that
uniquely identifies each community.

"We used this range of individuals to represent roughly the distribution of the number of
adult women per community in the Demographic and Health surveys. For each community in each
replication of each data generating process we selected the number of individuals per community
by taking draw from atruncated normal distribution with mean 25.5 and standard deviation 10
with the truncation points set at 1 and 50. We then took the integer portion of this truncated
normal random variable as the choice of the number of individual level observations per
community. Thisyields amean number of individuals per community of 25 and a standard
deviation of 9.5. Using this procedure, 91% of the time the number of individuals per community
liesin the range [9,41].
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impacts of the multilevel structure. In those instances we present numerical results from analytic
formulae that indicate the impacts from varying the number of individuals per community (the
number of level-one units per level-two unit) and the relationships among the explanatory
variables. Thereisagenera tendency for standard errors of estimates from the maximum
likelihood estimator to be smaller than those from the OL S estimator, but this can vary by the type
of variable being examined.

In the Monte Carlo experiments we focus on three values of the R? in the regression
model: 0.10, 0.20, and 0.50. Not surprisingly, increasesin the R? yield increases in the precision
of al estimated parameters for al estimators, with corresponding decreases in standard errors.
The primary conclusions of this analysis, however, are not affected by changes in the value of the
R% We also examine twenty-one values for the intraclass correlation coefficient, p, for p equal to
0.00 to 1.00 by steps of 0.05.

For each specification of the data generating process we draw 1000 independent samples,
each with 800 communities. Each community contains, on average, 25 individuals (standard
deviation 9.5). We simulate community- and individual-level explanatory variables, community-
level disturbances, and individual-level disturbances according to fixed, specific rules. For each of
these 1000 replications of the DGP, we estimate the model specified in equation (1) by OLS and
by a maximum likelihood procedure that allows for the hierarchical error structure. For the OLS
estimates we calculate estimates of the standard errors of the point estimates by using standard,
naive OL S formulae and by using the robust, Eicker-Huber-White formulae that adjust for the

clustering within communities (i.e., possibly p#0). For the maximum likelihood procedure, we
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use Stata s report of the square root of the diagonal elements of the inverse of Hessian matrix as

the standard error estimator.®

Monte Carlo Evidence on the Unbiasedness of the Point Estimatorsof B, B,c,and B,
We treat the estimated coefficients and standard errors from each estimation approach for
each of the 1000 independent samples as an independent draw from the distribution of the
coefficient and standard error estimators for that estimation procedure. For example, if we look
at the OL S estimator for a particular DGP, we can cal cul ate the mean coefficient estimate for 3.

as

1 1000 U

U 0
b =——ab

C,0LS,DGP 1000 L C,OLS,DGP,e
e=

U

where b c oLs pep o 1S the OLS estimate of the coefficient on the community level observed

variable for the €"sample (replication) from a particular data generating process. If the OLS
estimator is unbiased for this form of the DGP, then one would expect this mean coefficient
estimate to be quite close to the true value specified for this DGP. If the mean coefficient were
quite far from its known, “true” value as specified in the DGP, then one would suspect that the

estimation procedure does not provide unbiased estimators for this form of the DGP.

8There is some empirical evidence that for values of p equal to 1.00 that Stata’ s standard
error estimators for the maximum likelihood models exhibit some numerical instability. See, for
example, Figures 5, 7, 8, and 9.
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Figures 1A, 1B, and 1C provide graphica evidence on the unbiasedness of the OLS
estimator and the maximum likelihood estimators for clustered data. Consider Figure 1A. This
figure plots the mean estimates of the coefficient on the community-level variable, B., against the
value of the intraclass correlation coefficient, p. Each of the three graphsin Figure 1A

corresponds to a different level of the true R? in the regression model. The means of the OLS

estimates (b ) aremarked by acircle, and the means of the maximum likelihood

C,OLS,DGP

estimates (b ) are marked by aplussign(+). Figures 1B and 1C follow a similar

C,MLE,DGP

format. These figures refer, respectively, to mean estimates of the coefficient on the individual -
level variable that is correlated among community members (), and mean estimates of the
coefficient on the independent individual-level variable ( 3,). Recal that in each data generating
process that we set the true level of each of these three coefficients, B¢, B¢, and B, , to 1.00.
Figure 1A reveals that both the OL S estimator and the maximum likelihood estimator
appear to be unbiased. Additionally, the mean estimates from these two estimation procedures
are nearly identical. Within each graph, higher levels of the intraclass correlation, p, appear to be
associated with more variable mean estimates of 3. . This variability is due to the fact that the
estimators are less precise at higher values of p (demonstrated in the next section) and to the
design of our Monte Carlo experiments. Were one to use 100,000 or a million sample
replications instead of only 1,000, this variability would be much less pronounced. At higher
levels for the R? there is less variability in the mean estimates. Thisis as expected; each individual

coefficient estimate is more precisely estimated with lower error variance. For each of the 63 data
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generating process represented in this Figure 1A (21 values of p and 3 R? values), the mean
estimates are quite close to the true values. Similarly, Figures 1B and 1C revea that the mean
estimates of the impact of the correlated individual-level variable, 3, and of the impact of the
independent individua-level variable, 3,, are quite close to their true values of 1 for al values of

p and the R2 From these three figures one should conclude, in accordance to the predictions of
least squares and statistical theory, that the OL S estimator and the maximum likelihood estimator
are unbiased estimators of the effects of the community-level variables, correlated individual-level
variables, and independent individual-level variables on the individual-level outcome, regardless of
the fraction of the error variance due to the community-level unobserved factor or the R? value.
Appendix Figures 1 provide similar evidence for the case of 400 communities with each with

exactly 50 observations per community.

Monte Carlo Evidence on the Precision of the Point Estimatorsof B, B,c,and B,

One can easily calculate standard deviations of the coefficient estimates for an estimation
procedure by using the sets of estimates obtained in the Monte Carlo experiments. These
calculated standard derivations of the coefficient estimates should reflect the true sampling
variability of the estimation procedure for particular specifications of the data generating process.
In asimilar fashion to the above analysis of the mean parameter estimates from the various
estimation procedures, one could calculate, for example, the standard deviation of the OLS

estimator for the DGP as
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1 9®

U U U
sd(b C,OLS,DGP) = \/(1000_ 1) a (b C,OLS,DGP.e” b C,OLS,DGP)2

e=1

Thisis an unbiased estimator of the standard deviation of the OL S estimator of (. for this
particular DGP from the 1000 replications in the Monte Carlo experiment. Provided that 1000 is
a“large” number of replications, this estimate of the standard deviation should be close to the true
standard deviation of the OL S parameter estimator®. Given that the evidence in the preceding
section suggests that all of the point estimators are unbiased for the DGPs examined in this study,
these calculated standard deviations should provide key evidence on the accuracy of the
estimation procedures. For example, an estimator with alarge standard deviation for a particul ar
DGP would provide less accurate estimates than would an estimator that had a smaller standard
deviation for the same DGP".

Figures 2A, 2B, and 2C provide Monte Carlo evidence on the accuracy of the OLS and
maximum likelihood estimators of the three regression coefficients for three values of the R? with
the intraclass correlation coefficient varying from O to 1. Figures 2 refer to samples of
approximately 20,000 observations, where there are 800 communities each containing, on

average, 25 level-one observations. Appendix Figures 2 contains ssimilar information for the case

°In areal data set, the estimated standard error of the parameter estimate is meant to be an
estimate of this true standard deviation of the estimator.

191t isimportant to recognize that these comparisons of the standard deviations as
measured with the replications in the Monte Carlo experiments are meant to measure only the true
sampling variability of the point estimators. These standard deviation estimates do not tell us
directly whether particular estimators of the standard error of the estimates perform well. We
examine that issue in the following section.
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of 400 communities each containing 50 level-one units. The layout of these figuresis the same as
the layout for Figures 1A, 1B, and 1C.

Figure 2A indicates that the accuracies of the naive OLS estimator and the multi-level
maximum likelihood estimator for the coefficient on the community-level variable are nearly
identical for these specifications of the data generating processes. Especialy for levels of the
intraclass correlation coefficient less than 0.3, and regardless of the R-square value, there appears
to be amost no efficiency gain from using the more exacting maximum likelihood approach
instead of the simpler OLS approach. It isimportant to note that the standard deviations of the
maximum likelihood estimator are dightly smaller than those of the OL S estimator, but for none
of the 63 DGPs displayed in Figure 2A does the maximum likelihood estimator reduce the
standard deviation by as much as 10%. Below we explore in more detail how the efficiency loss
from using the less accurate OL S estimator varies as a function of the number of level-one
observations, as the differences in accuracies become somewhat more pronounced when there are
only afew level-one units per community.

Figure 2A reveals additional important information about the accuracy of both the OLS
and maximum likelihood estimators of the impact of the community-level variable on the
individual-level outcome. Firgt, increases in the intraclass correlation coefficient cause arapid
decline in the accuracy of both estimators. Moving from independent observations (p=0.00) to an
intraclass correlation of 0.25 causes the standard deviation of each estimator to approximately
double. Stated differently, if there were a 25% intraclass correlation of the disturbances instead of
independent disturbances, then all t-statistics for tests about the impact of the community-level

variable would be about two times smaller than under independence; many fewer null hypotheses
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would be regjected. None of the above statements about the accuracies of the maximum likelihood
and OLS estimators vary by the level of the R?, though, as expected, the overall level of the
standard deviation of the parameter estimator does fall for DGPs with higher levels of explanatory
power.

A comparison of Figure 2A (800 communities, 1 to 50 individuals per community) to
Appendix Figure 2A (400 communities, exactly 50 individuals per community) reveals that the
relative performance of the OLS and maximum likelihood estimators remains nearly identical
when there are more observations per community. The only change appears to be that the small
advantage of the maximum likelihood estimator over the OL S estimator in standard deviation
nearly disappears. In none of the 63 DGPs represented in Figure 2A does the standard deviation
rise by more than 2% when one uses the relatively inefficient OL S estimator instead of the
maximum likelihood estimator. Appendix Figure 2A aso reveals that the efficiency loss from a
higher intraclass correlation is somewhat more severe when there are more observations per
community. Instead of the standard deviation increasing by afactor of two when p moves from
0.00 to 0.25, with the larger number of observations per community the standard deviations
increase by about a factor of 2.5 to 3.*

Figure 2B provides comparable information about the coefficient on the individual -level
variable that is correlated with the community-level explanatory variable, and Figure 2C provides

the same type of information about the coefficient on the independent individual level explanatory

“Note that when p=0.00 that the standard deviations in Figures 2 and Appendix Figures 2
should be identical. With independence within communities, the precision of the estimatorsis not
affected by whether the 20,000 observations come from 1 or 2 or 400 or 800 or 10,000
communities, provided that the explanatory variables follow the same distribution across
communities.
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variable. For both of these types of coefficients, there can be substantial improvementsin the
accuracy of the parameter estimates when one uses the multilevel maximum likelihood procedure
instead of the simple OL S estimator. The proportionate increases in precision from using
maximum likelihood for estimating these two coefficients appear quite similar in the Monte Carlo
experiments.

The analytic variance formulae presented in the Appendix indicate that the asymptotic
variances for the estimators of the two individual-level variable effects differ only because, after
controlling for the community-level variable, there is less independent variation in the correlated
individual-level variable than there isin the independent individua-level variable. Analyticaly,

each of the standard deviations presented in Figure 2C are smaller than the corresponding

standard deviationsin Figure 2B by afactor of +/1- t 2 where Zisthe squared correlation of

the community-level variable and the correlated individua-level variable (equa to .5 in the Monte
Carlo experiments). Given this exact correspondence of the standard deviations of the estimators
for these two coefficients for both estimation procedures, we only focus on the coefficient of the
correlated individual-level variable in the following discussion.

A comparison of Figures 2A and 2B reveals two important differences in the performance
of the estimators of the coefficients for the community-level variable and the estimators of the
coefficients for the individual-level variables. First, the estimators of the impact of the
community-level variable becomes less precise with increases in the intraclass correlation, while
the precision of the OL S estimator for the impact of the individual-level variable does not change

astheintraclass correlation increases. Second, there are important efficiency gains from using



MEASURE Evaluation

maximum likelihood estimators instead of OL S estimators when estimating the impacts of
variables that vary within the community. Appendix Figures 2A and 2B provide similar
information for the case of 400 communities with exactly 50 observations per community.*

Thereis asmple explanation for the first difference in the performance of the estimators.
Asoneincreases the level of correlation of the disturbances within a community, thereis less new
information provided by each observation within the community. The accuracy of the correlation
of the community-level variable and the disturbance for each observation, then, is directly
impacted by this decrease in information. Individual-level variables, on the other hand, do have
unique, independent variation within a community. Heuristicaly, for the individual-level
variables, each additiona observation in a“new” community provides the same additional
information as adding an individual to an aready existing community.

One can make this latter point a bit more formally. By definition, the OLS estimator for
each coefficient depends only on the variation in the explanatory variable that is linearly
independent of the other explanatory variables in the regression equation and its interaction with
the composite error term. Increases in the intraclass correlation decrease the precision of the
estimated correlation of the disturbance with the community-level variable, and this leads to the
OLS estimator of the impact of the community variable becoming less precise as the intraclass

correlation rises. Increases in the intraclass correlation, however, do not affect the precision of

2The only discernable, substantive difference between 400 communities and 800
communities results from the fact that the 800 communities provide twice as many independent
observations on communities, and and so yields increases in the accuracy of the parameter
estimates. Almost no other comparison varies substantively along these community size and
number of individuals per community dimensions, so we do not report any additional results for
the 400 communities with each containing 50 observations.
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the correlation of the disturbance and the linearly independent variation in the individual-level
explanatory variable. This happens because the individual-level variable has unique, independent
variation within a community, and products of this independent variation with the unobserved
community-level factor are independent across observations regardless of the level of the
intraclass correlation. Consequently, the precision of the OL S estimator of the impact of the
individual-level variablesis unaffected by changesin p.*®

The failure of the maximum likelihood estimator to improve the precision of the estimates
of the impact of the community-level variable can best be understood, by analogy, by considering
the efficiency gains from seemingly unrelated regression (SUR) estimators. When there is error
correlation across observations, the SUR estimator can only yield increased precision over the
OLS estimator if the explanatory variables are not identical across the observations with the
correlated error terms. This happens because the SUR estimator exploits the fact that explanatory
variables for each particular observation should be uncorrelated with the error terms for all
observations that are correlated with that particular observation’s error term. If the explanatory
variables are identical across these observations, then there are no new correlations of explanatory
variables and error terms within clusters that were not used to define the OL S estimator. For the
DGPs considered here the individual-level variables do differ across observations within clusters,
so there are some efficiency gains for the estimators of the coefficients on these individual-level

variables. But amost no new information is provided by imposing the restriction that the

131, however, there is some correlation within communities of the individual level
variables that is not captured entirely by the included community level explanatory variables, then
the precision of the OL S estimator of the impact of the individual level variables will decline with
increases in the intraclass correlation coefficient.
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community-level variable for an observation within a cluster is uncorrelated with al the error
terms for all observations within the same cluster; that information had already been used with the

OLS estimator because the community-level variable is constant within the cluster.

Impacts on Precision from Varying the Number of Individuals Per Community

These statements about the relative efficiencies of the estimators, as measured through
their standard deviations, do depend on the number of individuals per community in a somewhat
complex manner. To explore thisin more detail, we use analytic expressions for the asymptotic
variance covariance estimators for the point estimators. We assume that there are an identical,
finite number of observations per community. With normally distributed residuals, the maximum
likelihood estimator converges to the (GLS) Generalized Least Squares estimator using the true
covariance matrix of the residuals within a community when there are alarge number of
communities. Because of this we can use an analytic expression for the asymptotic covariance
matrix of this GLS estimator to proxy for the large sample covariance matrix of the maximum
likelihood estimators. We also calculate the true asymptotic covariance matrix for the OL S point
estimators. This covariance matrix for the OLS estimators accounts for the fact that there are
multilevel disturbances even though this was ignored in the definition of the estimator. All of these
analytic expressions allow there to be an arbitrary level of intraclass correlation, an arbitrary level
of correlation between the community-level variable and the correlated individual-level variable,

and for an arbitrary number of individuals per community. All these three factors are important
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determinants of the two covariance matrices. A comparison of these asymptotic covariance
matrices tells us precisely the efficiency gains from using maximum likelihood instead of OLS
estimators. The derivations of the asymptotic covariance matrices are in the Appendix.**

Figures 3A and 3B graph how the standard deviations of the OL S estimators of the
impacts of the three variables, relative to the standard deviations of the maximum likelihood
estimators, vary by the number of observations per community and the level of correlation of the
community variable and the individual-level variable at two particular values of the intraclass
correlation.™ Figure 3A examines the case when the intraclass correlation, p, is 0.25, and Figure
3B examines the case for p=0.75. Each of the four graphs within these figures refersto a
different value of the correlation between the community-level explanatory variable and the
correlated individual-level explanatory variable (0.00, 0.25, 0.50, and 0.95).*° The horizontal axis
measures the number of observations per community. The vertical axis measures the standard
deviation of the OL S estimator as a fraction of the standard deviation of the efficient maximum

likelihood estimator. This provides a measure of how much efficiency loss one can expect by

“Note that we arbitrarily set the overall error variance to 1.0 in these covariance matrixes.
Since we only examine ratios of standard deviations, thisis completely inconsequential. The
Appendix aso contains the formulafor the simple, naive OLS covariance estimator that ignores
the multilevel structure of the residuals.

B\We evauate the anaytic formulae for the variances of the two estimators of each
regression coefficient, calculate their ratio and take the square root. This provides aratio of the
standard deviations of the estimators. A value of 1.10, for example, would mean that the OLS
estimator would have a standard error of estimate 10 percent higher than the maximum likelihood
estimator of the coefficient for the same DGP; heuristically, t-statistics would tend to be about
10% smaller for OL S estimator than they would be for maximum likelihood estimator.

°Recall that in all of the previous experiments we kept the level of correlation of these
two regressors fixed at 0.50.
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using the less precise OL S estimator instead of the maximum likelihood estimator. The relative
efficiencies for the estimators of the impacts of the two individual-level variables (indicated by the
diamonds and plus signs) are identical anaytically, and they do not depend on the degree of
correlation between the individual-level variables and the community-level variable.

At the moderate level of the intraclass correlation in Figure 3A, p=0.25, there would be
little efficiency gain from using the maximum likelihood estimator instead of the OL S estimator.
The maximum gain in t-statistics as implied by these relative standard errors, for example, would
be less than 15%, and such gains could only be attained for the estimators of the impacts of the
individual-level variables. When there is no correlation among the community-level variables and
the individual-level variables, there are zero efficiency gains from using maximum likelihood in the
estimation of the impact of the community level. Only when the correlation of the community-
level variable and the individual-level variable is quite high is there any discernable efficiency gain
for the estimator of the impact of the community-level variable from using maximum likelihood
estimation.

The efficiency gain for the estimation of the impact of the community-level variable
initially increases as one adds more observations per community, but then it falls. But with
p=0.25, even when the correlation of the regressorsis as high as 0.95 the standard error improves
by using maximum likelihood by less than 10 percent. For the individual-level variables, the
efficiency gains do increase continually as one adds additional observations per community, but
there are only trivia efficiency gains after having 25 or 30 observations per community. At this
level of intraclass correlation, none of the efficiency gains from using maximum likelihood

estimation instead of OL S estimation is substantial.



MEASURE Evaluation

Figure 3B examines the case where there is a high level of intraclass correlation, p=0.75.
There are potentialy sizable gainsin precision by using maximum likelihood when estimating the
impacts of the individual-level variables in these circumstances. By using maximum likelihood
instead of OLS, one could reduce standard errors of the estimators of the individual-level
variables by about afactor of two. Asabove, however, thereislittle efficiency gain from using
maximum likelihood to estimate the impact of the community-level variable, unless the correlation
of the community-level variable and the individua-level variable is quite high. But even when
there can be substantia efficiency gains in estimating the community-level variable impact by
maximum likelihood, the gains diminish rapidly with increases in the number of observations per
community.

The interaction of the number of observations per community, the intraclass correlation,
and the correlation of the community-level regressor with the individual-level regressor appears to
be the key determinant of efficiency gains from maximum likelihood estimation when estimating
the impact of the community-level covariate. In Figures 4A and 4B we examine this relationship in
finer detail along the dimension of the correlation of the community-level variable and the
correlated individual-level variable. Asin Figures 3, the top panel in Table 4 isfor p=0.25, and
the lower panel isfor p=0.75. The graphsin each figure are for different numbers of individuals
per community (NIPC=2, 5, 25, and 50). The horizontal axis measures the level of correlation
between the explanatory variables( ). In Figure 4 we only examine the relative efficiency for the
estimators of the impact of the community-level variable.

For the most part, there appear to be amost no efficiency gains from using maximum

likelihood estimators instead of OL S estimators for values of the regressor correlation being less
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than 0.50. For the moderate level of the intraclass correlation, 0.25, there never are efficiency
gains over 15 percent for al values of the regressor correlation at 0.99 or lower. When the
intraclass correlation is high, p=0.75, there can be some substantial gains in efficiency, with the
larger gains happening when there are several individuals per community. Note, however, that

these gains are quite small unless the regressor correlation iswell over 0.50.

Summary of the Accuracy of Estimatorswith Multilevel Errors

The information summarized in Figures 1 through 4 and the Appendix provide key
information on the importance of controlling for error correlations due to a researcher having
hierarchical data. First, coefficient estimates are not biased if one ignores the multilevel error
structure and uses a standard OL S model to estimate the impacts of community-level and
individual-level covariates on an outcome. Second, asiswell known in the survey design
literature, there can be important losses in efficiency when data are clustered and the intraclass
correlation increases (Kish, 1965; Katon, 1983). These efficiency losses due to increased within
cluster error correlations, however, only take place for estimators of the impact of the
community-level variable. In fact, a clustered design can yield efficiency increases for the
estimated impacts of individual-level variables if one uses a maximum likelihood procedure that
recognizes the intraclass error correlations. For many analyses of programmatic impacts,
however, the effects of interest are not those of the individual-level variables. Obtaining efficiency
gains for the impacts of the individual-level variablesis at most of secondary importance, so this
efficiency gain by itself does not provide a compelling reason to use maximum likelihood

estimators instead of OL S estimators. These efficiency gains are substantial for the estimated

33
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impact of the community-level variable (decreases in standard errors by more than 15 percent
from using maximum likelihood instead of OLS) only when both the intraclass error correlation
and the correlation of the regressors are high.

Third, it isthe correlation of the community-level variable with the individual-level
variable that provides al of the efficiency gain in the estimation of the community-level variable
impact from using maximum likelihood estimation instead of OLS. With moderate sized regressor
correlations there are at best small efficiency gains from using maximum likelihood to estimate the
impact of the community-level variable instead of OLS. For both of these correlations being 0.50,
for example, the decrease in the standard deviation is less than 2.5 percent from using the
maximum likelihood estimator. For p=0.50, this measure of the efficiency gain only exceeds 15
percent if the community-level and the individual-level regressor have a correlation higher than
0.90; and for aregressor correlation of 0.50, the standard errors decline by less than 8 percent for
all vaues of the intraclass correlation lower than 0.99. Additionally, the efficiency gainsin the
estimation of the impact of the community-level covariate decline after there are more than 5 or
10 observations per community.

The overadl picture that emerges from these Monte Carlo experiments and the examination
of the asymptotic covariance matrices is that there appears to be little efficiency loss from using
OL S instead of maximum likelihood to estimate the impact of a community-level variable on an
individual-level outcome. The only substantial gains come when both the intraclass correlation and
the correlation of the community-level regressor with the individual-level regressor are
exceptionally high. We suspect it is unlikely in most situations for both of these correlations to be

high, so the loss in efficiency from using Ordinary Least Squares should usually be quite small.



MEASURE Evaluation

Evaluation of Estimatorsfor the Standard Errors of the Estimates

In this section we examine the performance of estimators of the standard errors of the
point estimators for the three coefficients. When examining estimators of standard errors, it is
important to recognize that one should not examine whether the mean of the standard error
estimator equals the true standard deviation of the estimator®’. Instead, one should assess whether
hypothesis tests that use the standard error estimator yield accurate probabilities under the null
hypothesis. In particular, a standard error estimator would be considered accurate if hypothesis
tests that use this estimator reject a true null hypothesis with afrequency given by the specified
sizeof atest. If onetests at the 5% level, for example, then one should regject correct null
hypotheses 5% of the time. Otherwise the standard error estimator does not allow oneto carry

out precise tests.

A standard, simple hypothesistest is of the form: Hy,:b = b, vsH,:b * b,. Onetypically

undertakes a hypothesis test of this form by using a two-tailed test under the assumption that the
estimator of [ follows an approximate Student T or normal distribution. To carry out such atest,

one setsasize of thetest, ; thisisthe specified probability of regecting the null hypothesis when

YFor example, the standard OL S estimator of the covariance matrix for the point
estimators provides unbiased estimators of the variances of the parameter estimators under the
A2
assumptions of the classical regression model, namely, the diagonal elementsof , s (X' X)’ t

The estimators of the standard errors given by the square roots of the diagonal elements of the
covariance matrix, however, must be biased estimators of the standard errors of the estimators (by
Jensen’s Inequality, since the square root is not alinear transformation of the unbiased variance
estimator, the standard error must be a downwardly biased estimator of the true standard
deviation).
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the null hypothesisis actually true.® Our evaluation of the accuracy of the estimator for the
standard error of the estimate is an assessment of how closely the frequency of rejecting atrue
null hypothesisin the Monte Carlo experiments matches the specified size . If we specify =
0.05, then we would want to have the null hypothesisthat =[3, to be rejected five percent of the
time when 3 actually does equal the value f3, .

In the Monte Carlo experiments we know exactly the true parameter value (al ’s equal
to 1), so we can examine how frequently atrue null hypothesis is rejected when we use various
standard error estimators for the different point estimation procedures. We examine the size of the
tests for three configurations of the test. If the intraclass correlation is zero, all testing
configurations should provide close to identical results.

Two configurations use the ordinary least squares point estimators for the parameter
estimates. The first of these uses the standard error of the estimate as reported by the simple
ordinary least squares procedure to evaluate the hypothesis test. This procedure corresponds to
using a standard OL S procedure and using the “default” estimators of the standard errors that
assume uncorrelated, homoscedastic disturbances. Thiswill usually provide biased tests when the
intraclass correlation is non-zero for the DGPs examined here.

The second testing configuration uses a robust standard error estimator that accounts for

the fact that there could be arbitrary correlations of disturbances within communities along with

B\We carry out this hypothesis test by examining whether the shortest 100* (1- )%
confidence interval for the estimator contains the true parameter value. In particular, we
construct the confidence interval, assuming that the parameter estimates are approximately

normally distributed, as(b- z, ,,, se(b), bt z,_,,, Se(b)) and reject the null hypothesis if this region

does not contain the value specified under the null hypothesis. Theterm z,_ , isthe 100(1- /2)
percentile point of the standard normal distribution.
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the ssmple OL S parameter point estimator (Eicker, 1963, 1967; Huber, 1967; White, 1980).
These Eicker-Huber-White standard error estimators require that one specify a hierarchical level
such that there is independence of disturbances across groups at al higher levels. For example, if
individua-level residuals were correlated within families but not across families living in the same
community, one would specify the family as the highest level where there is correlation.”® These
Eicker-Huber-White standard error estimators also allow for arbitrary forms of heteroscedasticty,
so they would provide appropriate standard errors in the presence of random coefficient models.

The third testing configuration we examine uses the maximum likelihood estimator. We
use the point estimators and the standard error estimators from the maximum likelihood
procedure to carry out hypothesis tests. For each of these three testing configurations, we
examine whether the standard error estimators used with the point estimators provide tests of the
correct size.

Figure 5 provides evidence on the probability that each of the three different testing
procedures incorrectly rejects atrue null hypothesis® Since we carry out 1000 Monte Carlo
replications, the vertical axis measures the fraction of times out of the 1000 replications that the

hypothesis test rejects a true null hypothesis for a particular testing procedure. The horizontal axis

9| there were some community level unobserved variables that influenced the individual
outcomes, then specifying the family as the highest level with correlation would be incorrect. In a
later section we explore the consequences of specifying this level as either too high or too low.

PThetestsin al of the graphsin Figure 5 use data for the case where there are 800
communities with the above specified distribution for individuals per community (mean 8,
standard deviation 9.5). These evaluations of the size of the tests do not depend upon the R?
value, as changes in the error correlation increase the variability of the point estimate by precisely
the same proportion as the error variance changes. For the 1000 replications used in these graphs,
we select arbitrarily the R*=0.10.
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measure the level of the intraclass correlation coefficient. The left-hand set of graphs presents
tests where the desired size of the test is five percent (0.05), and the right hand set of graphs
contains tests where the desired size of the test is ten percent (0.10). The top row of graphs
corresponds to tests for the coefficient on the community-level variable, the second row of graphs
to tests for the coefficient on the individual-level variable that is correlated across individuals
within each community, and the third row of graphs to tests for the coefficient on the independent
individual-level variable.

The top, leftmost graph in Figure 5 examines the performance of the three testing
configurations for testing the null hypothesis that the coefficient on the community-level variable
equals its true value as specified in the data generation procedure (against the null hypothesis that
the coefficient does not equal its true value). When the intraclass correlation coefficient (p)
equals 0.00, all three of the testing procedures yield approximately the correct size of 0.05. As
the intraclass correlation rises, the procedure using the ordinary least squares point estimate with
the simple OL S standard error estimate (labeled olstest, with circles) has an empirical probability
of false regjection that greatly exceeds the specified 5% size. For al intraclass correlations above
0.10, the empirical size of thistesting procedure exceeds 20% when one specifies a probability of
false rgection of only 5%. With fewer communities and the same number of total individual-level
observations, the empirical size from this approach can be much greater than 50% for a specified
size of 5%.

From the same graph in Figure 5, tests that use the same OL S point estimate as above for
coefficient on the community-level variable but with the standard error adjusted to correct for

arbitrary forms of correlation within communities (labeled osthtest, with triangles) yield
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approximately the correct size for al values of the intraclass correlation coefficient. Similarly the
tests based upon the maximum likelihood point estimates and the corresponding maximum
likelihood estimates of the standard errors of the estimates appear to have approximately the
correct size. The top right-hand graph provides similar evidence for the case where the requested
sizeisincreased to 10%. Little of substance changes with thisincrease in requested size. In
summary for the community-level variable, relying on the OL S point estimates and simple, default
standard error estimates results in hypothesis tests that too frequently reject true null hypotheses.
The smple OLS standard error estimates are, in a sense, too small. This propensity to reject null
hypotheses much too frequently can be fixed with either of the other approaches. One can use the
same OL S point estimates in conjunction with Eicker-Huber-White standard errors estimators to
accommodate possible resdua correlations within communities. Or, one can use maximum
likelihood point and standard error estimators that correctly specifies the form of the within
community disturbance correlation.

The second row of graphsin Figure 5 examines sizes of tests for the coefficient on the
individual-level variable that is correlated across individuals within a community. Each of the three
testing procedures yields tests that have approximately the correct empirical size for all values of
the intraclass correlation and for both requested size levels, 0.05 and 0.10. The fact that the OLS
point estimates used in conjunction with the naive OLS standard error estimate that do not yield
an incorrect empirical sizesis surprising. But if one examines the true standard deviation of the
OLS estimator for this correlated individual-level variable and comparesit to the corresponding
element of the (X’ X)™* matrix, both presented in the Appendix, it is clear that the naive standard

error reported by OLS s correct for this variable. The third row of graphsin Figure 5 reveals
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similar behavior for the empirical sizes associated with test of the coefficient on the independent
individual-level variable. Each of the three approaches for testing hypotheses about individual -
level coefficients has the correct empirical size.

It isimportant to note that the empirical size for the tests of the coefficients on the
individual-level variables will, in genera, be incorrect if one uses the ordinary least squares
estimate in conjunction with the ssimple standard error of the estimate reported by the OLS
procedure. In the Monte Carlo experiments examined here, all correlations of the individual-level
variables were due to the observed, and controlled for, community-level variable. If there were
other, independent community-level factors that gave rise to correlations of individual-level
variables, then the empirical size from the OL S point estimates with simple OL S standard errors
of the estimates would be much larger than the requested size. The two other testing approaches
are not affected by the source of the correlation of individual-level covariates within communities.
The OLS point estimator with a standard error that adjusts for arbitrary community correlations
of disturbances will provide correct sized tests, as will the maximum likelihood point and standard
error estimators.

These examinations of the empirical sizes of the tests reveal one important point, namely
that tests using naive standard error estimators based upon unfounded assumptions about
uncorrelated disturbances can indicate much more precision of parameter estimates than is
actually warranted. Thisis clearly an important issue for the estimated impact of the community-
level variable. It isalso an important factor to consider when the observed individual -level
variables are correlated within communities in ways that are not captured completely by the

observed community-level variable. A key point to note is that the maximum likelihood
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procedures and the OL S point estimates with standard errors estimators that permit arbitrary

correlation within communities do provide tests whose empirical sizes appear to be correct.

Power Comparisonsof OLS and Maximum Likelihood Estimators

Given that there are estimators and testing procedures that appear to have the correct size
for the forms of multilevel models that we have examined, we can now examine the ability of
these procedures to reject null hypotheses that are incorrect. Holding the size of the test constant,

one would prefer to have estimators and procedures that reject false null hypotheses more

frequently. The ability of atest taking theform H,:b = b, vsH,;:b ! b, to reject the null

hypothesis when the alternative isin fact correct depends crucially on the true value of the
parameter. If the true value is quite close to the value specified under the null, then the
probability of regjection is quite close to the specified size of the test (e.g., only five or ten
percent), while if the true parameter value differs dramatically the probability of rejection should
be closeto 1.0. A graph displaying the probability of rejecting H,:p=f, versus H, :=f, for a
possible set of values 3, when the true parameter 3=[, is one way of displaying the power of the
test. We assess the power of each test empirically by using the estimates and standard errors from
the Monte Carlo experiments. For each null hypothesis examined, we present the fraction of times

(out of 1000 replications) that the testing procedure would reject the null hypothesis.
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Figures 6 contain graphs of the power functions corresponding to tests for each of the

three regression coefficients of the formHy:b = b, vs H;:b * b, The definition of the power

function displayed here is the probability of rejecting the null hypothesis B=(, (against the
alternative p#p,) as afunction of the value of B, when the true parameter valueis 1.0.** Figure
6A examines power functions for hypotheses about the coefficient on the community-level
parameter; each of the four graphs within Figure 6A corresponds to a different level of the
intraclass correlation. Figure 6B contains similar information about tests for the coefficient on the
within community, correlated individual-level variable, and Figure 6C displays the power
functions for tests about the coefficient on the independent individual-level variable. We set the
size of al these tests to 0.05. Here we only examine those approaches with correct size for
arbitrary levels of the intraclass correlation, so the power function evaluated at 3,=1.0 equals 0.05
for al testing approaches displayed here.

For the community-level coefficient only two testing approaches had the correct size:
OLS point estimates with standard errors adjusted for possible clustering of disturbances within
communities and maximum likelihood point estimates and standard errors. These are displayed in

Figure 6A as“olshtest” and “mletest.” When the intraclass correlation is 0.10, one would reject

ZThis definition differs from the usual definition of a power function. For the more
standard definition of the power function, one tests an identical hypothesis (e.g. H,: =2
vs.H_ #2) and graphs the probability of reection as a function of a varying true value of the
parameter. Here, we graph the probability of rejecting a varying null hypothesis, when the true
parameter value 1.0, as a function of hypothesized values specified in the null and aternative
hypotheses.
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the null hypothesisthat p.=0.75 (or B.=1.25)% about 76% of the time with OLS and 79% of the
time with the maximum likelihood procedure when the true value of p.=1. Astheintraclass
correlation rises to 0.25, the power to reject H,: 3.=0.75 (or p.=1.25) when the true valueis 1
falls to 50% for the OL S-based procedure and 55% for the maximum likelihood procedure; when
the intraclass correlation is a high 0.75, the power for the same test is only 25% for the OLS
based test and 27% for the maximum likelihood based test. In &l cases examined here, the
largest discrepancy in size between the two testing procedures is only eight percentage points. In
over half of the tests displayed in the top panel of Figure 6, the probability of rejection using the
maximum likelihood estimator is less than one percentage point larger than the probability of
rejection from using the OL S point estimate with the Eicker-Huber-White standard error.

Overall, one would conclude that there is little difference between the performance of tests
based on the OLS point estimates of the coefficient on the community-level variable (and with the
standard error adjustment for arbitrary within community correlation) and the tests based on the
maximum likelihood estimates. This should not be surprising; the comparisons of the asymptotic
standard deviations of these two estimators discussed above indicates that there would only be
sizable differences if the intraclass correlation were exceptionaly high with only afew
observations per community.

Figure 6B contains similar information on the power of tests on the coefficient of the
individual-level variable that is correlated at the community level. Recall for this coefficient

estimate that the simple, naive OL S standard errors that do not recognize the correlation of the

“The aternative hypothesis for al power and size tests discussed in this study isthe
complement of the null hypothesis under examination.
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disturbances within a community provide tests that yield the correct size. These standard error
estimates are nearly identical to those provided by allowing for arbitrary forms of correlation
within communities, and we focus on the adjusted standard errors in the following discussion.
Note that the horizontal scale in Figure 6B is much smaller than the horizontal scale in Figure 6A;
we use this smaller scale because the estimators of this coefficient are much more precisely
estimated.

At low levels of intraclass correlation the differences in the power between tests using the
OLS point estimates and tests using the maximum likelihood point estimates are small for tests

about the impacts of the individual-level variables. Consider for example, an intraclass correlation

of 0.10 and onetestsH,:b = 090vsH,;:b ! 0.90 when the true parameter valueis 1.0. A 5% test

based on the OL S point estimate and corresponding standard error would reject this false null
hypothesis about 37% of the time, while the maximum likelihood estimates would reject the null
hypothesis about 41% of the time. Recall that the standard deviation of the OL S estimator does
not vary with the level of the intraclass correlation; the power function for the OL S estimator
should not change as one varies the intraclass correlation. The maximum likelihood estimator,
however, makes efficient use of the fact that disturbances are correlated and that these
explanatory variables differ across observations within the community.” Consequently, the power
of testson the individual-level variable impacts based on the maximum likelihood estimates

increases substantially as the intraclass correlation (p) rises. For the above hypothesis test, when

ZThisis precisaly a seemingly unrelated regression framework, and increased power from
the maximum likelihood approach reflects the precision gain from using seemingly unrelated
regression.
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the true value of the coefficient is 1.0, the power rises to 47% at p=0.25, then to 61% for p=0.50,
and to over 90% at p=0.75. Unlike the case for the estimated impact of the community-level
variable, there are clear gains in the precision of the estimates of the impact of the correlated
individual-level variable that one can obtain by using maximum likelihood procedures instead of
OLS point estimates.

The power functions for the estimators of the coefficient on the independent individual-
level variable, as displayed in Figure 6C, are qualitatively the same as those depicted for the
correlated individual-level variable coefficient in Figure 6B. In fact, the only substantive
difference between these two sets of figuresis due to the fact that the estimators of the coefficient
on the independent-level variable have smaller standard errors. This happens because these
explanatory variables are not correlated with any of the other explanatory variables. For low
levels of p there are at most modest increases in power due to a researcher using the maximum
likelihood procedures instead of OLS, while there can be fairly large increasesin power if thereis
ahigh level of correlation of the unobserved factors within communities.

We aso examined afew situations where an individual-level regressor is correlated across
members within each community but the correlation is not due entirely to the observed
community-level variable. The value of using the maximum likelihood estimators instead of the
OLS estimators for the estimation of individual-level covariate effects can increase substantially in
these instances. It isimportant to note that any large efficiency gains only apply to the estimation
of the impacts of individual-level variables. The gain in precision for the estimates of community-
level characteristics by using the more complex maximum likelihood approach is typicaly quite

small.
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SpuriousIntraclass Correlation

Many forms of model misspecification can result in estimates suggesting falsely that there
is an important multilevel error structure when the true error correlation is actually zero. An
erroneoudy excluded community-level variable, for example, can give rise to spurious evidence
about the importance of amultilevel error structure. In this case, if the excluded variable is at al
linearly related to any of the included explanatory variables within possible clusters, then the
parameter estimators will be biased. The evidence of a non-zero intraclass correlation for this
instance could be an indication of an incorrectly specified model with no multilevel structure,
while a naive interpretation of the evidence would conclude that controlling for the multilevel
error structure is important for one to obtain accurate estimates.

Variations across communities in the distribution of any of the individual-level
characteristics can aso lead to spurious evidence of amultilevel error structure in these situations.
It might be the case, for example, that people tend to live in communities that have educational
backgrounds similar to their own. If one specifies an incorrect functional form for how these
individua characteristics (e.g., individual education) influence the outcome, then one will typically
estimate a large intraclass correlation even if the true error correlation is actually zero.*

Model misspecification problems, of course, are not unique to multilevel analyses. They
pervade all empirical anadyses. What is somewhat unigue to the multilevel model framework is
that an incorrect specification of the regression function can easily provide evidence that one

could interpret as indicating the presence of a complex, hierarchical error structure, when the only

#For example, this could be the case when the true relationship is quadratic but the
researcher only allows for alinear relationship.
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problem is a misspecified regression function. A researcher focusing on the multilevel structure of
the residuals could easily fail to recognize a significant specification error for how the observed
covariates impact the outcome of interest after uncovering what appears to be a significant level
of intraclass error correlation. This can lead to quite biased estimates and interpretations.

Consider the model

Y(i, 1) = b X (1) + By AX (D17 by X, o 0,1 # by XX, (1,1) + € 1)

where the error terms are uncorrelated across individuals within the same community (i.e.,
p=0.00). Thisregression specification differs from those examined above only by the inclusion of
the square of the community-level characteristic. For this specification of the model, an ordinary
least squares regression of Y on X, the square of X, X, and X, would yield the best linear
unbiased estimated of the coefficients.

One might be interested in how the impact of X varies at different levels of the

explanatory variable, and thisis given by thefirst derivative b, + 2xb_, XX . Andternative,

scalar measure of the impact of X isthe average derivative given by b + 2xb., ><)ZC where

X isthe mean value of the community-level variable. We focus on this scalar measure as

researchers often assume (incorrectly) that ssmple models excluding the higher order terms do
capture the average impact of variables.
In the data generating process we set 3.=p,=p,=1 and .,= -0.50. We also set the

intraclass correlation to 0.00. All other aspects of the data generating process are as above,
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except we use a skewed distribution for the X, variables. We aso impose that the X variables are
fixed across replications of the Monte Carlo experiments.® This eliminates a source of variation in
the calculation of the average impact of the community-level covariate. Given this specification
the true average impact of the community-level variableis 1.028.%

Based on 1000 replications of the DGP, a simple OLS mode that fails to include the
square of the community-level variable yields a mean estimate of the average impact of 0.085.
The standard deviation of these 1000 estimates of the average impact is 0.010. All 1000 naive
estimates of the standard error of the average impact all fal in the range (0.0108,0.0112),
indicating that the standard error estimators reflect fairly well the variability of the estimator. This
simple model, however, does underestimate the true average impact of the community-level
variable by afactor of 12, but one would conclude that the effect is significantly different from
zero.

Using amaximum likelihood procedure to allow for a hierarchical error structure with this
misspecified model, from the 1000 replications of the data generating process we find that the
mean of the average impact of the community-level variable remains a 0.085, with only a dightly
smaller standard deviation (0.009). The 1000 estimates of the standard error of the average

effect, however, al fall in the range (0.0668,0.0723), indicating that the maximum likelihood

We have these community level variables follow approximately a Chi-Square distribution
with 1 degree of freedom. Precisely, for each community j=1,2,...,J, we set the value of the
community level variable to be the j/(J+1) percentile point of the Chi-Square distribution. We
normalize this to have approximately mean zero and variance 1 by subtracting the mean of a Chi
Square random variable (mean=#degrees of freedom) and divide this by the standard deviation of
a Chi-Square random variable (variance=2 times the #degrees of freedom).

% Following the above formulafor the average derivative, 1.028=1+2(-0.5)(-0.028),
where -0.028 is the mean of the community level variable as specified above.
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multilevel model severely overestimates the true sampling variability of the estimator. The largest
t-statistic out of the 1000 tests of the null hypothesis that the true average effect is0 is 1.68; in
not one of the 1000 cases would one have concluded that the community level variable had a
significant effect at conventional significance levels. One finds, however, that alowing for a
multilevel error structure isimportant. All 1000 of the estimated intraclass correlations fal in the
range (0.259,0.293), even though the true intraclass correlation is 0. The multilevel model yields
quite biased estimates and inferences when one does not use the correct specification for the
regression function.

It should not be surprising that the multilevel model failsto perform well in this instance.
The primary benefit of the multilevel model isto obtain correct standard errors of the estimates
and to obtain more precise parameter estimates. The maximum likelihood, multilevel model
approach cannot fix functional form problems, and in this instance the approach actually appears

to provide more incorrect interpretations than would come from a simple OL S estimation.

Functional form problems appear to be more important issues to address than problems arising
from the correlation of disturbances within communities.

A simple way to alow for flexible formsisto use polynomials of the explanatory variables
and interactions among these polynomials®. Consider the following example. As above, the true

model inthe DGPis

Y(i,0)= b XX (0) + bC2>{XC(c)]2+ by X, 0,0+ b XX, (,0)+ E(i,0),

“"Many other approaches could be used, such as spline approximations or neural networks,
but often these are more difficult to implement in standard statistical packages.
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but we assume we do not know that thisis the correct functional form. Instead, we enter afully
interacted cubic polynomial in the three explanatory variables. While the true model would include
only five regression parameters to estimate (including the intercept), this fully interacted
polynomial introduces a total of twenty parameters that need to be estimated. The first derivative
of this polynomial includes ten of these estimated parameters, compared to only two estimated
parameters needed if one knew the true form of the regression model (i.e., B and B, ). We
impose that the community characteristics are fixed, that the individual-level characteristics vary
across replications of the DGP, and that there is no intraclass correlation of error terms. We set
the R? equal to 0.20 and use 100 communities each with 5 level-one units, for atotal of only 500
observations.

Estimating the true moddl yields an average estimate of the impact of the community
covariate of 1.027 across the 1000 Monte Carlo replications, with a standard deviation of 0.087.
Recall that the true average effect is 1.028. When we estimate the fully interacted cubic
polynomial model, the estimates have an average value of 1.020 with a standard deviation of
0.410.2 Theincrease in the standard deviation across Monte Carlo replications indicates that
thereisasizablelossin efficiency. Thisis because one is unsure of the true functional form.
However, the sizes of the tests in the over-parameterized model do appear to be approximately
correct. Additionally, in 70% of the replications one would reject the null hypothesis that there is

no impact of the community-level variable on the outcome. The highly flexible model removes the

2N fully interacted quadratic model has average estimate of the mean derivative of 1.024
with standard deviation 0.266.

50
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bias from the simple, under parameterized model without becoming extremely imprecise evenin

these much smaller sized samples.

Standard Error Estimatorsin Multilevel Modelswith More Than Two Levels

The analysis we reported on above indicated that one could obtain correct inferences from
ordinary least squares model estimates that ignored the multilevel error structure provided one
adjusted the standard errors to ex post account for the within community error correlation. The
approach we used to adjust the standard errors of the estimates allowed for arbitrary forms of
heteroscedasticity and error correlation within communities, but we only examined the
performance of the standard error estimators when there were two levelsin the analysis. 1t could
be the case, for example, that individuas live in families which reside in communities, and there
may be determinants of the individuals' behaviors that depend on unobserved family
characteristics as well as unobserved individual and community characteristics In this section we
consider the performance of standard error estimators when the error term has up to three levels.

Extending the descriptive notation used above, the three levelsin thismodel are the
individual level, the family level, and the community level. The DGPs we consider have the
individual-level outcome being influenced by one explanatory variable from each level. Let X(c)
be the community-level explanatory variable, X(f,c) be the family level variable, and X,(i.f,c) be
the individua-level variable. We alow these explanatory variables to be correlated within
communities and families, and we set Cor[X(c), X(f,c)]=Cor[X(f,c), X,(i,f,c)]=0.5 and

Cor[X(c), X,(i,f,c)]=0.667. We permit there to be unobservable determinants of the individual-
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level outcomes associated with each of these three levels. The linear regression model we examine

takes the following form:

Y(i, f,c) = be xX.(c)+ b xX(f,c)+ b, xX,(i,f,c)+E,(i, f,C),
where
E-(,f.c)=rcxE()+rxE(f,0)+r E (., f,C)

<(c) givesrise to the within level 3 error correlation (community), ((f,c) givesriseto level-two
error correlation (family), and (i,f,c) isthe level-one error term (individua). The (c) are
independent across different communities (level-three observations), the (f,c) are independent
across families (level-two observations), and the  ((i,f,c) are independent across all individuals.
These three error components are distributed as independent N(0,1) random variables. We st p,
P and p, to achieve different correlation patterns for the error terms and R? values. In the
Monte Carlo simulations we set the three regression coefficientsequal to 1.0 (i.e,, Bc =B =B, =
1). We specify four level-one units (individuals) within each of 25 level-two units (families) for
each of 200 level-three units (communities), for atotal of 20,000 individual-level observations.

Our primary concern here is how one can carry out unbiased tests in these three-level

models. Figures7, 8, and 9 contain pertinent information about the size performance of various
estimators of standard errors for different configurations of the multilevel error correlations. The
top row of graphsin each of these three figures display information for hypothesis tests about the
impact of the community-level (level 3) variable. The second row of graphs presents similar
information for the impact of afamily-level (level 2) variablethat is correlated with the

community-level variable. The third row of graphs presents the same information but for the
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impact of an individual-level variable that is correlated with both the family- and the community-
level explanatory variable.

The left-hand side graphs examine various ways to estimate standard errors for the OLS
point estimators. We consider three standard error estimators for these OL S estimates. Thefirst is
the naive standard errors as reported by standard OL S procedures assuming completely
uncorrelated disturbances (labeled olstest). The second is an Eicker- Huber-White standard error
estimator assuming that only observations within the second level are correlated (labeled
olshfam). These standard error estimators would be appropriate, for example, if there could be
non-zero error correlation among individuals within the same family (pe #0) but no correlation of
disturbances across families living within the same community (p-.=0),. The third standard error
estimator is similar to the second, except that it allows for possible error correlation at the third
level among level-two units (e.g., error correlation among families and individuals living within
the same community, labeled olshcom).

The right-hand side graphs are based on maximum likelihood point and standard error
estimators that naively assume atwo-level error hierarchy.” The first assumesthat all level-one
observations are equally correlated within the level-three units (Iabeled mlecomm). This would be
the case, for example, if community-level unobserved factors could influence an individual’s
outcomes(p.#0), but there are no unobserved family-level factors influencing the individual-level

outcome (p=0). The second set of maximum likelihood point and standard error estimators

P\What we attempt to evaluate here are simple-to-use estimators that are available in many
multi-purpose statistical packages. Consequently we do not examine correctly specified maximum
likelihood estimators that recognize the possible three level error structure. Such models should
provide accurate estimates and unbiased hypothesis tests.
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assumes that there is only error correlation among level-one units within the same level-two unit
(e.g., only disturbances for individuals within the same family are correlated, i.e., p.=0 and pg#0,
labeled mlefam).

The graphs display the empirical Type | error (size) for null hypotheses of the form

H,:b=b,vsH;:b! b,,wherep, isthetrue value of the parameter in the DGP (i.e., 1.00 for

all parameters examined), as a function of the intraclass correlation coefficient among individuas
at level one within each level-two unit.* Each of these tests take place at afive percent level,
and we carry out each test for each of the 1000 Monte Carlo replications. Asin the analysis of
standard error estimators in the smpler models, a point on the graph represents the fraction of
times the true null hypothesisis rejected using that particular point and standard error estimator at
the specified level of the intraclass correlation. An accurate standard error estimator for a
particular point estimator would exhibit a straight, horizontal line at 0.05 for all values of the
intraclass error correlation. Note that the vertical scales vary across graphs within these figures.®
Figure 7 considers the case where there is only error correlation among level-one units
within the same level-two unit (e.g., only error correlation among individuals within the same

family). In particular, p =0, while p-#0.** Looking first at tests on the impact of the

®If individuals are members of families located within communities, then the intraclass
correlation we consider is the correlation of the disturbances among individuals within the same
family.

#Figures 7, 8, and 9 only examine tests at size 0.05. We obtained quite similar results for
size 0.10. We set the overall error variance for the Monte Carlo experiments summarized in these
figures to achieve an R? of 0.10. The size comparisons do not depend on the R? value.

*For Figure 7, we define the error term for each level-one observation as proportional to
EL(i,c,f)=rE.(c f)}y1- r’E (i,c,f) wherep isthelevel of theintraclass correlation. The two
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community-level variable (level-three covariate), we see that the naive standard error estimator
for the OLS point estimator performs quite poorly (olstest) . The empirical size exceeds twice
the specified size even for some intraclass correlations below 0.50, with the empirical sizerising
to about 0.30 at the highest levels of intraclass correlation. Both of the robust, Eicker-Huber-
White standard error estimators yield tests of the correct size. It isimportant to recognize that for
these robust standard error estimators to perform correctly, one only needs to specify the highest
level at which there could be error correlations.® Hence, the estimator allowing there to be
correlations among al individuas within the same community (olshcom) provides unbiased
hypothesis tests, even though there is no community-level (level 3) error correlation. Its
assumption of clustering up to as high as the community level (level 3) incorporates as a special
case clustering only within families (level 2). For this standard error estimator, there need not be
the same form of error correlation for all observations within the level specified as being the
highest level within which observations are not independent.

The maximum likelihood estimator does not generalize this way. The right-hand graph in
the top row of Figure 7 indicates that the maximum likelihood estimator that models the within

level two (family) correlation does provide unbiased tests; this estimation procedure coincides

error components are independently distributed N(0,1) random variables.

#There could be a cost of specifying the “clustering” level higher than is necessary. It is
important for there to be enough independent higher level observations for this estimator to work
well. In fact, the estimator will not provide a positive definite covariance matrix unless there are at
least as many independent higher level units as parameters being estimated. Typically, one would
like to have many more than this number of observationsin order to obtain accurate estimators of
the standard errors of the parameter estimates. If there is no community level error correlation but
one specifies that there could be error correlation within communities, thiswill yield valid
standard error estimators as long as the number of communitiesislarge. But, if thereareonly a
few communities the estimators might not work well.
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with this specification of the DGP (only level-two correlation). The maximum likelihood
estimator assuming only the higher level, community-level error correlations, however, does
appear increasingly biased as the level of the intraclass correlation rises; this estimation method
does not contain Figure 7's DGP as a special case. But for p less than 0.50, this bias appears
quite small. Even at the highest levelsof p theincorrectly specified maximum likelihood estimator
provides tests that reject at most about eight percent of the time when the requested size isfive
percent.>*

Turning to the estimates of the impact of the family variable (level-two covariate) in the
second row of graphsin Figure 7, we find qualitatively the same results. Tests based on the naive,
simple OL S standard error estimator are quite biased. The Eicker-Huber-White standard error
estimators provide tests with the correct size regardless of whether one allows the highest level of
error correlation to be at level two (e.g., the family) or level three (e.g., the community). The
two-level maximum likelihood estimator specifying that all of the error correlation takes place at
level two, which coincides with the DGP used for Figure 7, provides unbiased tests. The two-
level maximum likelihood procedure specifying that the error correlation takes place at level three
and not at level two provides much more biased tests than those of the impact of the community-
level variable. For tests about the impact of the individual-level variable (level-one covariate), al
of the standard error estimators provide unbiased tests.

Figure 8 proves the same information as Figure 7, but the DGP used for Figure 8 has al of

the error correlation taking place at the community (third) level. Here p. >0, while p=0. After

#We obtained approximately the same probabilities of false rejections for all approaches
and for all data generating processes when we examined R? values of 0.90 instead of the 0.10
examined in these figures.
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controlling for the level-three correlation (e.g., community), there is no additional correlation
among level-one units (e.g., individuals) within the same level-two unit (e.g., families).®*® The
performance of the testing procedures in this instance are somewhat different that those discussed
for Figure 7. Consider first tests about the effect of the impact of the community-level variable
(level-three covariate) in the top row of Figure 8. The naive OLS standard error estimator
continues to provide biased tests. The Eicker-Huber-White standard error estimator with only
family level (level two) error correlation and the maximum likelihood procedure that alows for
error correlation only at the family level (level two) now provide quite biased tests; thisis because
these procedures do not recognize the level-three error correlation. The two-level maximum
likelihood model that allow there to be error correlation at the community level (level three), not
surprisingly, provides unbiased tests for the impact of the community-level covariate becauseit is
correctly specified. Testsusing the OL S point estimates along with the Eicker-Huber-White
standard error estimators alowing for up to level-three error correlation also provide unbiased
tests for the impact of the community-level covariate. Looking at the tests about the impacts of
the family- and the individual-level variables (levels two and one covariates), only tests based on
the naive OL S standard error estimator for the family (level two) variable are biased. All other

tests appear to have the correct size.

*For Figure 8, we define the error term for each level-one observation as proportional to

E-(i,c,f)=rE.(c)+ y1- r’E,(i,c, f) wherep isthelevel of theintraclass correlation. The two
error components are independently distributed N(0,1) random variables.
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Figure 9 presents the perhaps more realistic case when there are error correlations at level
two (within the family) and at level three (within the community).*® Looking first at the
community variable (level-three covariate), the OL S standard error estimator with possible within
community error (level three) correlations and the maximum likelihood approach that alow for
error correlation at the community level (level three) provide unbiased tests. It is somewhat
surprising that this maximum likelihood estimator performs correctly here. It performed somewhat
poorly when there was only family level (level two) error correlation asin Figure 7, while here
there isfamily error correlation as well as community error correlation. For the community-level
variable effect, any approach that does not recognize that there can be correlated errors at the
community level provides biased hypothesis tests. For the family-level variable (level-two
covariate, second row of graphsin Figure 9), the maximum likelihood approach that allows for
only community-level (level three) error correlation now performs poorly. The naive OLS
approach continues to provide biased tests. The maximum likelihood approach that allows for
only level-two (family) error correlation, and the Eicker-Huber-White standard error estimator
assuming independence above level two, provide unbiased tests for this family-level variable,
even though they both performed poorly for tests about the community-level variable. The Eicker-
Huber-White standard error estimator that allows for arbitrary community-level (level three) error

correlation continues to provide unbiased tests. For the individual-level variable all approaches

*For Figure 9, we define the error term for each level one observation as proportional to

EL(i,6,f)7 1OSE 4(0)+ E (¢, F)}t 1 1€, (i, f) where p isthe level of the intraclass correlation. The three
error components are independently distributed N(0,1) random variables.
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provided unbiased tests, even the naive OL S approach that assumes all observations are
uncorrel ated.

Overall, the main conclusion about the performance of standard error estimators when
there are three-level modelsisthat it is most important to control for the error correlation at the
highest possible level at which it might exist. For the OLS estimates with Eicker-Huber-White
standard errors, it does not matter whether one * over-controls’ and allows for possible error
correlations at a higher level than is actually the case. For these Eicker-Huber-White standard
error estimators, as long as the highest level of actual error correlation is nested within the level
specified in the estimation, hypothesis tests will be unbiased. In fact, the only cost of specifying
possible correlations at too high alevel for the Eicker-Huber-White estimators is that the standard
error estimators might become imprecisely estimated if there are too few observations at the
highest level specified. For the two-level maximum likelihood estimator, it isimportant to specify
exactly the level at which the error correlation takes place.

There are some instances where tests based on the incorrectly specified maximum
likelihood procedures perform well. For the most part it appears that hypothesis tests about level-
three (community) variables will be at most only dlightly biased if one assumes that the error
correlations take place only at level three (community level). It appears that tests about the
impacts of level-one (individua) variables based upon the maximum likelihood procedures
assuming only error correlations at level two (family) are unbiased. If oneis going to use two-
level maximum likelihood estimators in the presence of three level error components, these results
suggest it would be best to assume that all error correlation takes place at the highest level (e.g.,

community level).
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It is important to note that all of the Monte Carlo experiments we report on here allow
there to be correlations among the explanatory variables only through the observed level-two
(family) and level-three (community) explanatory variables. If there are other reasons why there
could be correlations of regressors across level-one and level-two units, then neither of the smple
two-level maximum likelihood procedures nor the Eicker-Huber-White standard errors alowing
only correlations within level one would provide unbiased tests for the impacts of the individual-
level (level one) covariates. In thisinstance only the Eicker-Huber-White standard errors

allowing for possible correlations within level three provides unbiased tests.
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How Do You Know if You Need to Control for the Multilevel Error Structure?

The smple answer to this question is that if you at all suspect that there could be
unobserved determinants from a higher level then you should use standard error estimators that
recognize the possibility of error correlation within lower level units. Typically, if onefailsto
recognize the possibility of correlated disturbances then most hypothesis tests will reject too
frequently true null hypotheses. The Eicker-Huber-White standard error estimators as
implemented in Stata provide unbiased tests even if one “over-specifies’ the highest level within
which there could be error correlation. In asense, it is costless to use these adjusted standard
errors. If one adjusts the standard errors unnecessarily, the adjustments will tend to be quite small
and inconsequential. As an added benefit, these Eicker-Huber-White standard error estimators
also control for arbitrary forms of heteroscedasticity. Heteroscedasticity is a key consequence of
having random coefficient models, so this type of standard error adjustment could be quite useful
for avariety of reasons. Therefore, the standard errors of smple OL S point estimates should be
adjusted.

The harder question to answer is whether one should implement maximum likelihood
procedures to control for the multilevel error structure. Before answering this question, itis
important to recognize the potential gains from using a maximum likelihood multilevel model.*’
The gain in efficiency from using models that incorporate the multilevel structure varies according

to the type of covariate. For covariates measured at the highest level, typicaly the efficiency gains

$Throughout this discussion we assume either that all parameters are fixed (i.e., effects of
covariates do not vary across individuals) or that one is interested only in the mean parameter
value if parameters are random (e.g., vary by individual or by community, or both, in the two-
level models). An evaluation of the performance of multilevel, random parameter modelsis well
beyond the scope of this essay. However, it would be quite useful for there to be detailed
evaluations of these more complicated estimation procedures that are similar to those we present
here for the smple multilevel modd.
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for maximum likelihood estimators over OL S estimators are small. If oneisinterested in
estimating the impact of a community-level program on individual-level outcomes, then thereis
little to gain. For estimating the impacts of individual-level covariatesin individual-level
outcomes, however, the efficiency gains can be substantial.

There are two possible costs of using multilevel models. The first is that they are dlightly
more difficult to estimate than simple OLS models. For smple models this cost should be
inconsequential, as severa standard statistical packages do incorporate seemingly unrelated
regression models and maximum likelihood procedures for two-level error structures. The second
cost of using multilevel estimation procedures is that the standard errors reported from these
models will be incorrect unless the true form of the multilevel model is specified in the estimation
procedure. Unlike the Eicker-Huber-White standard error estimators, the standard error
estimators from the maximum likelihood models will be incorrect unless one models correctly the
form of the error structure at al levels.

It should, however, be possible to minimize the importance of this latter cost. One can use
the maximum likelihood point estimators, even with a somewhat misspecified error structure, and
then adjust the standard errors by using Eicker-Huber-White standard error estimators adapted
for “quasi-maximum” likelihood models. Unfortunately, such procedures are not readily available
in existing computer packages with multilevel error structures. If they were implemented in these
computer packages, then researchers would be able to carry out valid hypothesis tests while
retaining some of the efficiency gains by exploiting the multilevel error structure.

The answer to the question of whether one should use multilevel modelsis complex. In

many interesting situations, such as the estimation of community level characteristicsin the
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presence of community-level unobservables, there will be little efficiency gains. In this instance
there is no compelling reason to undertake more difficult estimation problems. In other situations,
such as the estimation of the effects of individua-level variables, there can be important efficiency
gains. But in these instances, it is, in general, key to specify correctly the precise form of the
multilevel model in the estimation. Regardless of whether one takes the multilevel structure of the
errors into account, it does seem important to use robust standard error estimators, like the

Eicker-Huber-White ones used here, unless one is sure that the estimation model is correctly

specified.

Conclusion

In this essay we have explored severa issues about the importance of using multilevel
modeling approaches when analyzing data of the type frequently used to evauate health and
family planning programs in developing countries. In particular, we examined a ssimple model
where an individual-level outcome could depend on individual-level covariates and on covariates
that come from a higher, more aggregate level. The salient feature that makes these models more
complex than standard regression models arises from the fact that there may be unobserved
determinants of behavior at both the individual and at the more aggregate level. In thisinstance,
several observations within the same aggregate level will be influenced by the same higher level
unobserved determinants and consequently will have correlated disturbances. This violates one of
the key assumptions for the Ordinary Least Squares estimators to be the Best Linear Unbiased

Estimator; it also violates a key assumption for the usual OL'S formulae to provide accurate and
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reliable standard error estimators. There are maximum likelihood estimators for these multilevel
models that recognize these error correlations and exploit them to obtain theoretically better
estimators. We gauge the performance of the OL S estimators against these maximum likelihood
estimators that theoretically provide the most precise, unbiased estimators.

Theoretically, the presence of multilevel, correlated disturbances does not introduce a bias
into the estimated parameters for any of the estimators considered here, and we demonstrate this
through our first set of Monte Carlo experiments. While bias of parameter estimatesis not an
issue, there are two drawbacks to ignoring multilevel, hierarchical disturbances and relying on
simple OL S procedures to evaluate the impacts of covariates on outcomes. The first limitation of
the OL S estimators is that one might be able to define more accurate estimators of the impacts of
the individual- and aggregate-level variables on the individual-level outcome. The second is that
the standard errors reported by ordinary least squares procedures will not reflect accurately the
true sampling variability of the estimators. This latter shortcoming can lead to biased tests of
hypotheses about the parameters of interest; nearly always the standard errors reported by the
OLS procedures will be too small, and researchers will reject true null hypotheses more frequently
than they specify for the sizes of their tests.

Our analysis reved s that there are only very small efficiency gains to be obtained from
using the most efficient estimators of the impact of the higher level (e.g., community level)
variable on the lower level (e.g., individua level) outcome instead of Ordinary Least Squares
estimators. Theoretically, al efficiency gains for this coefficient estimator from using the
maximum likelihood estimators instead of the OL S estimator are the result of the higher level

explanatory variable being correlated with the lower level explanatory variable. This means that
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any potentia efficiency gains are tempered by the inclusion of highly correlated variables which
cause the precision of the estimator to fall. Only if there is both a high correlation of the
regressors from the different levels (e.g., greater than 0.90) and a high correlation of disturbances
within the higher level units can the efficiency improvements for the impact of higher level
explanatory variable be at al substantia. There can be somewhat larger efficiency gains when
there are only afew observations per higher level unit (i.e., few individuals per community), but
these diminish rapidly after having only five or ten observations per higher level unit. But even
with two or three observations per community, the gains are substantively small unless there are
quite high correlations between the regressors at the two levels. There can, however, be
substantial efficiency gains for the estimators of the impacts of the lower level (individua level)
variables on the lower level (individual) outcome, but such impacts are typicaly only of second
order interest when evauating the impacts of programs on individual outcomes.

Even though the OL S point estimators appear to perform quite well relative to the
maximum likelihood estimators in most applied situations, the standard error estimators provided
by standard Ordinary Least Squares formulae are incorrect in the presence of multilevel error
correlations. For two-level models, we find that the robust asymptotic approximations to the
standard errors of the OLS model due to Eicker, Huber, and White provide approximately
unbiased tests for all parameter estimators when one uses formulae that allow error correlations at
the higher level. The maximum likelihood standard error estimators perform flawlesdy for these
two-level models.

When we examine three-level models, the Eicker-Huber-White standard error estimators

allowing for error correlations within the highest level continue to perform quite well, while the
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maximum likelihood estimators that assume only two levels often perform poorly. This failure of
the maximum likelihood estimators is due to the fact that they are incorrectly specified for the
three-level models we examine. It isimportant to note that one will usually obtain biased tests
with these “maximum likelihood” estimators even though they control for correlations at the
highest level. This could be an important factor to consider when using maximum likelihood
estimators if there could be amissing “middle’ level in aresearcher’s empirical model; the
Eicker-Huber-White standard error estimators do not have this limitation.

If oneis primarily interested in estimating the impacts of a community-level variable on
individual-level outcomes, asis frequently the case in the evauation of health and family planning
programs in developing countries, then the results of this paper provide some important
guidelines. Firgt, there appear to be small efficiency gains for the estimates of the impacts of
community-level factors on the individual-level behavior from using maximum likelihood
procedures instead of ssimple ordinary least squares estimation. Second, it is crucia to adjust the
estimated standard errors of the ordinary least squares estimators to reflect the fact that there can
be correlated error terms at higher levels; the Eicker-Huber-White standard error estimators
appear to provide adequate adjustments. Third, when one estimates incorrectly specified
regression functions, multilevel models can indicate that the multilevel error structureis
important, even when only simple adjustments of the regression function indicate that the
multilevel models areirrelevant. This point, given the first two guidelines, suggests that it might
be more important for researchers to investigate more detailed regression function specifications
before they attempt to use the more complex, maximum likelihood, multilevel procedures.

Fourth, even if there are complex multilevel error correlations in the data, the Eicker-Huber-
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White standard error adjustments always provide unbiased tests, as long as one allows for error
correlation at the highest level; ssimple two-level maximum likelihood models do not provide
unbiased tests when lower level error correlations are present. In summary, these results indicate
that smple ordinary least squares models with standard errors corrected for high level error
correlation appear to provide unbiased and accurate estimates of the impacts of community-level

variables on individual-level outcomes.
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Figure 1

The Unbiasedness of Ordinary Least Squares and Maximum Likelihood Estimatorsin Models
with Multilevel Errors by the Level of the Intraclass Error Correlation

Figure 1 A: Community Level Variable Coefficient Estimates at Three R? Values

Xc_OLS Xc_MLE

R_square==.1 R_square==.2

1.01

1.005 —

SA N
VA4S

T T I T I
0 5 1

995 —|

.99 —

1.01

995 —

.99 —

Rho
Mean of Community Variable Coefficient Estimates

Figure 1 B: Correlated Individual Level Variable Coefficient Estimates at Three R? Values
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Figure 1 C: Independent Individual Level Coefficient Estimates Three R? Values
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Figure 2

Empirical Standard Deviations of Ordinary Least Squares and Maximum Likelihood
Estimates in Multilevel Models by the Level of the Intraclass Error Correlation

Figure 2A: Standard Deviations for Community Level Coefficient Estimates at Three R? Values
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Figure 2B: Standard Deviations for Correlated Individual Level Coefficient Estimates at Three R
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Figure 2C: Standard Deviations for Independent Individual Level Coefficient Estimates at Three

R? Vaues
Xi_OLSsd Xi_MLEsd
R_square==.1 R_square==.2

T T T T
R_square==.5

.04 —

Rho
Standard Deviation of Indep. Var. Coefficient Estimates



MEASURE Evaluation

Figure 3

Standard Deviations of Ordinary Least Squares Estimators as a Fraction of the
Standard Deviations of the Maximum Likelihood Estimators as a Function
Number of Observations per Community

Figure 3A: Community Level, Correlated Individual Level, and Independent Individual
Level Coefficient Estimators for Intraclass Correlation 0.25 and Four Regressor Correlations
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Figure3B: Community Level, Correlated Individua Level, and Independent Individual
Level Coefficient Estimators for Intraclass Correlation 0.75 and Four Regressor Correlations
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Figure 4
Standard Deviation of Ordinary Least Squares Estimator as a Fraction of the Standard Deviation

of the Maximum Likelihood Estimator of the Impact of the Community Level Variable,
as a Function of the Correlation of the Community and Individual Level Regressors ()

Figure 4A: Community Level Coefficient Estimators with an Intraclass Correlation of 0.25
and Four Specifications of the Number of Observations per Community
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Figure 4B: Community Level Coefficient Estimators with an Intraclass Correlation of 0.75
and Four Specifications of the Number of Observations per Community
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Figure 5

Performance of Standard Error Estimators: Probability of Reecting a True Null Hypothesis
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Figure 5C: Independent Individual Level Variable
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Size=0.05

Size=0.05

Figure 6

Power to Regect Null Hypotheses as a Function of the Intraclass Error Correlation
Ordinary Least Squares Estimators with Eicker-Huber-White Standard Errors and
Two-Level Maximum likelihood Estimators

Figure 6A: Coefficient on the Community Level Variable
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Figure 6C: Coefficient on the Independent Individual Level Variable
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Figure 7

Performance (Size) of Standard Error Estimators for Three Level Models
Only Level Two Error Correlation
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Figure 8

Performance (Size) of Standard Error Estimators for Three Level Models
Only Level Three Error Correlation
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Appendix

Analytic Expressions for Asymptotic Covariance Matrices

Suppose thereis atwo level error structure in assimple regression model describing the

outcome variable y(i,c).

Y(i,0) = by + b X (©)+ b X,o(i,0) +b, X, (,0)  (AD
+Ec(c)+E,(i,0)

We assume that there are N level 1 units (subscript i) and Jlevel 2 units (subscript ). We assume

independence across level 2 units. The disturbances E , (i,C) and E . (C) are assumed

uncorrelated and homoscedastic (equal variance not depending on the observed variables). We

assume also that the explanatory variables X (c) and X, (i,C) can be correlated, and that the

correlation of the level one variables within the level two unit is due only to factors that influence

the level 2 explanatory variable. In particular, if Cov( X, (C), X, (i,C)) =t then
Cov(X,c(i,c), X,c(i',€)) =t " il i'1l. Theexplanatory variable X, (i,C)is
uncorrelated with both X (€) and X, (i,C) . Without loss of generality, we assume that the

disturbances E, (i,C) and E . (C) are uncorrelated and that the fraction of the total variance of
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E.(i,©)=E.(c)+E,(i,c) duetothelevel 2 disturbance, the intraclass correlation

coefficient, isp. With only aminor loss of generality, we assume that al explanatory variables
and the outcome are mean zero, so there is no intercept in the model.

Throughout the derivations in this Appendix, we assume that the variance of the
composite error, (i,c), equals 1. If the composite error variance wereinstead 2, then one
would simply multiply each of the covariance matrices in this appendix by 2 to obtain the
covariance matrices with the non-unit variance. We also assume that the variances of each of the
explanatory variables equals 1. If thisis not the case, then one should adjust each element of each
covariance matrix by the product of the standard deviations of the explanatory variables that
relate to the particular row and the particular column of the element of covariance matrix. Since
we focus on ratios of the elements of the covariance matrix in this analys's, such normalizations
are inconsequential.

Let X be the matrix of explanatory variables (X has NJ rows and 3 columns) and y be a
column vector with NJ elements corresponding to the explanatory variablesin X. The simple

ordinary least squares estimator is given by
b=(X'X)!X'y=b+(X'X)'X'e,
where . isaNJvector containing the composite disturbances +(i,j). The covariance matrix for

the OLS estimatorsis

Var(b- b) = E[(b- b)(b- b)]= E[(X'X) *X'e.e,' X(X' X)"]
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82
Provided that the number of level one unitsisfinite, the asymptotic distribution of the OLS

estimator is

JI(bors- b) WA® N(OWps)

where
5 iy 5010 Lo : 5 oy 5010
W, :plim%ﬂg (prlim%e>< Crer XOu><p|im§‘a“:'x—9 a
oLs ? J g ¢ § 3 ? J 5 ¢
¢ u ¢

By the properties of probability limits, and given finite fourth moments,
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The asymptotic covariance matrix of the OLS estimatesis, after some algebraic manipulation,

given by
&l+r(N-D@A-t?) -t 0
Co@ty @iy
Y ! L ¢ w3
*ONE @t @-t5 T
¢ 0 0 N
g -
e 1]

Next consider the Generalized Least Squares (GLS), best linear unbiased estimator, that takes
account of the fact that therethe +(i,c) are correlated within clusters. As above, we focus on the
asymptotic distribution of the GL S estimator, and we examine the case where one uses the true
covariance matrix of the residuals within the level-two units. In thisinstance, the GL S estimator
of B, BgLs IS equivalent to the maximum likelihood estimator {3, - . Using the same assumptions
as above,

VI(bye- b) BA® N(O,Wye)
where

7 ~

' -1 'lu
. %XA o -
WMLE = p||m§L_ ux

& J oy
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V isthe NxN covariance matrix of the residuals. Under the above assumptionsit is given by

al r ro
g -
v=g T an
gr r 15
aAd+r(N- 2 -r -r 0
vl 1 g -r 1+r(N-2) -- -r :

T - )[A+r (N- D¢ : : s
€ r -t o 1+r(N- 2)g

After some algebraic manipulation, the asymptotic covariance matrix, corresponding to the

asymptotic variances and covariances of the three point estimators, can be expressed as

WMLE =
Al+r(N- DJ[1+r(N-2-t*(N- 1) -t(@- r)[1+r(N- D] 0 6
: [1+r(N- 2]~ t?) [1+1(N- 2] t?) :
1¢ -t(@- r)[2+r(N- D] 1- r)[1+r(N- D] 0 +
N ¢ [1+ r(N- 2)](1- t?) [1+ r(N- 2)](1- t?) i
¢ @A- r)[A+r(N- -
G 0 0 o

1+r(N-2) g

(A.4)
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The ratios of the variances for the OL S estimators, given by the diagonal elements of the
covariance matrix in equation (A.3), to the corresponding variances of the maximum likelihood
estimators defined in equation (A.4) provide a measure of the efficiency loss by using OL S instead
of the efficient maximum likelihood estimator for the multilevel model. The square root of this
variance ratio, which measures the ratio of the standard errors of the two estimators, provides an
indication of the percentage increase in confidence intervals from using the less efficient OLS
estimator. The efficiency loss due to using OL S instead of the maximum likelihood estimator for
the multilevel model clearly depends on (1) the number of |evel-one observations within each of

the Jlevel-two units, (2) the intraclass correlation coefficient p, and (3) the degree of correlation

between the community-level explanatory variable X (C) and the individual level
variable X, (i,C) .

One exceptionally interesting variance comparison comes from the case where the
community level covariates are uncorrelated with all of the individual level covariates (i.e., =0).
In thisinstance, the variance ratio is 1 for two estimators of the impact the community level
variable. This means that there is no efficiency loss in the estimation of the impact of the
community level variable from using OL S instead of the maximum likelihood procedure when the
community level variable is uncorrelated with community characteristics. One pertinent example
when there would be a zero correlation is for the case where particular treatments (e.g., facilities
or programs) are assigned randomly across communities. It is, however, important to note that
the standard errors reported by a ssmple OLS procedure would be incorrect. The naive standard

error reported by an OL S procedure that does not recognize the within level two unit error
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correlations would underestimate the true sampling variability of the OLS estimator by a factor of

[1+p(N-1)].%

*®The incorrect, naive report of the asymptotic standard errors that asimple OLS
procedure would yield are given by the square roots of the diagonal elements of the inverse of the
E[(X’ X)/J] matrix as presented in equation (A.2).
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Appendix Figure 1

The Unbiasedness of Ordinary Least Squares and Maximum Likelihood Estimatorsin Models
with Multilevel Errors by the Level of the Intraclass Error Correlation for
400 Communities, 50 Observations per Community

Appendix Figure 1 A: Community Level Variable Coefficient Estimates at Three R? Values
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Appendix Figure 1 B: Correlated Individual Level Variable Coefficient Estimates

at Three R? Vaues
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Appendix Figure 1 C: Independent Individual Level Coefficient Estimates Three R? Values
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Appendix Figure 2
Empirical Standard Deviations of Ordinary Least Squares and Maximum Likelihood
Estimates in Multilevel Models by the Level of the Intraclass Error Correlation for
400 Communities, 50 Observations per Community

Appendix Figure 2A: Standard Deviations for Community Level Coefficient Estimates

at Three R? Values
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Appendix Figure 2B: Standard Deviations for Correlated Individual Level Coefficient Estimates

at Three R* Values
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Appendix Figure 2C: Standard Deviations for Independent Individual Level Coefficient Estimates
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